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Abstract 

We study Kostant cohomology and Bernstein-Gelfand-Gelfand resolutions for finite dimensional 
representations of basic classical Lie superalgebras and reductive Lie superalgebras based on them. 
For each choice of parabolic subalgebra and representation of such a Lie superalgebra, there is a 
natural definition of the derivative and coderivative, which define (co)homology of the nilradical of 
the parabolic subalgebra. We prove that a necessary condition to have a resolution of an irreducible 
module in terms of Verma modules is complete reducibility of the cohomology groups. Essentially, 
if it exists, every such a resolution is then given by modules induced by these cohomology groups. 
We also prove that if these cohomology groups are completely reducible, a sufficient condition for 
the existence of such a resolution is the property that these groups are isomorphic to the kernel of 
the Kostant quabla operator, which is equivalent with disjointness of the derivative and coderivative. 
Then we use these results to derive very explicit criteria under which BGG resolutions exist, which 
are particularly useful for the superalgebras of type I. For the unitarisable representations of g[(m|n) 
and osp(2|2n) we derive conditions on the parabolic subalgebra under which the BGG resolutions 
exist. This extends the BGG resolutions for @[(m|n) previously obtained through superduality and 
leads to entirely new results for osp(2|2n). We also apply the obtained theory to construct specific 
examples of BGG resolutions for osp(m|2n). 
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1 Introduction and main results 



The strong Bernstein-Gelfand-Gelfand resolutions are resolutions of finite dimensional irreducible rep- 
resentations of semisimple Lie algebras in terms of direct sums of (generalised) Verma modules, see 
BGG 75llLe77j . One of the original motivations to study such resolutions is the connection with cohomo- 
logy as studied in |Bo57| lKo61j . The BGG resolutions and their corresponding morphisms between Verma 
modules possess an interesting dual side as invariant differential operators, see |CaD01[ fCSSOli lEaGllj . 
These differential operators have applications in many areas, see references in |UaD01i lEaGllj or Ea05 
and [GSS08] for concrete applications. In Section[5]we give a brief historical overview of the development 
of the classical BGG resolutions and the corresponding differential operators, which is relevant to explain 
the approach taken for Lie superalgebras in the current paper. 

In |GJ81j BGG resolutions for infinite dimensional representations of Lie algebras were studied. The 
BGG resolutions have also already been extended to Kac-Moody algebras in [RW82| and to some infinite 
dimensional Lie superalgebras in CKW10 . They are also known to exist for unitary infinite dimensional 
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representations for orthosymplectic superalgebras, see [CLW11 . In [K695] it was studied for which quasi- 
hereditary algebras (with strong exact Borel subalgebras) all irreducible modules have a BGG resolution 
of finite length. 

The first results on BGG resolutions for finite dimensional modules of Lie superalgebras were obtained 
in |CKL08) . It was proved that these do not exist in full generality for basic classical Lie superalgebras, 
but they were obtained for the tensor modules of g = gl(m\n) and for the parabolic subalgebra such 
that the maximal reductive subalgebra is equal to the underlying Lie algebra Qq = g[(m) © gt(«). These 
resolutions in [CKL081 , which are in terms of Kac-modules, were extended in [BrSlOj from tensor modules 
to so-called Kostant modules. The results were also extended in [CLIO] by a powerful equivalence of 
categories between subcategories of the parabolic BGG categories of g[(m + oo) and g[(m|oo), known as 
super duality. This led to the result that the tensor modules of gl(m\n) have BGG resolutions for each 
parabolic subalgebra which contains Ql(n). 

In this paper Q = Qq + Qj will always stand for a finite dimensional complex reductive Lie superalgebra, 
of which the semisimple part consists of basic classical Lie superalgebras. The classification of basic 
classical Lie superalgebras restricts to sl(m\n) (form ^ n), pst(n\n), osp(m|2n), F(4), G(3) and D(2, l;a), 
see [Ka77 . The notation p is used for a parabolic subalgebra, i.e. a subalgebra containing a Borel 
subalgebra of g. The maximal reductive subalgebra of p is denoted by go (also known as the Levi 
subalgebra of p), not to be confused with gg, the underlying Lie algebra of g. The parabolic subalgebra 
then has a vector space decomposition p = g + n and g decomposes likewise as g = n + go + n. We 
also use the notation p* = n + go- The symbols V and W will be used for finite dimensional irreducible 
g-modules. If we want to mention explicitly the highest weight A of the representation, it is denoted by 
Va or Wa- The notation [•, •]„ will always stand for the projection of the Lie superbracket onto a subspace 
o C g with respect to a naturally defined complement space b, g = a + b. 

We take a new systematic, direct approach to construct BGG resolutions for basic classical Lie super- 
algebras, based on considerations about Kostant cohomology. All these superalgebras have an invariant 
bilinear form (usually the Killing form) which allows to define the derivative and coderivative (boundary 
and coboundary operator) for each choice of parabolic subalgebra p = go+Ti and irreducible representation 
V, extending the definition of the operators studied in |Ko61j . These operators define Lie superalgebra 
(co)homology of the nilradical n of the parabolic subalgebra p in irreducible g-modules. As in the classical 
case there is an intimate relation between the Kostant cohomology and BGG resolutions. We prove the 
fact that a proper BGG resolution yields the cohomology groups, which is a well-known homological 
property for Lie algebras. But we also prove how, under certain assumptions, BGG resolutions can be 
obtained starting from the properties of the cohomology. 

The first result we obtain on BGG resolutions for Lie superalgebras is the following consequence of 
Theorem 15.11 and Corollary 15.11 This theorem follows from homological arguments and the fact that a 
resolution in terms of Verma modules is a projective resolution in the category of n-modules. 

Theorem. Consider a reductive Lie superalgebra g with semisimple part consisting of basic classical Lie 
superalgebras with parabolic subalgebra p = go + n. // the irreducible finite dimensional g-module W has 
a resolution in terms of direct sums of Verma modules, the cohomology groups H k (n,W) are completely 
reducible as go-modules and there is a resolution of the form 

> y-ff*(n,W) i yH^nM) yH°(nM) _^ W _^ q ,y 

with V H ( n ' W ) = U(q) (£>u(p) H k (n,W). This resolution does not decompose into a non-trivial direct sum 
of complexes and every resolution of W in terms of Verma modules, which does not decompose, is of the 
form above. 

Therefore the next aim is to derive conditions under which a resolution of the form ^ exists; knowing 
that if the cohomology groups are completely reducible, this is the only proper generalisation of the BGG 
resolutions and if they are not completely reducible, a proper BGG resolutions does not exist. The next 
central result we obtain is that if the derivative and coderivative on C*(n, V) are disjoint (as always holds 
in the Lie algebra case), then a resolution in terms of modules induced by the (not necessarily completely 
reducible) cohomology groups H°(n, V) exists, in Theorem l5.5l Therefore we derive practical criteria for 
this disjointness in Theorem 14.31 These results lead to the following theorem. 
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Theorem. Consider g, p = Qq + n and W as in the previous theorem. The image of the coderivative 
on C* (n, V) has trivial intersection with the kernel of the quabla operator if and only if the cohomology 
groups H m (n, W) are isomorphic to the generalised zero eigenspace of the Kostant quabla operator □ on 
C*(n, V). If one of these conditions holds, there exists a resolution o/W as in equation ([1}. 

Consequently, if H*(n, W) is assumed to be completely reducible, there exists a BGG resolution for W 
ifH'(n,W) = kexD. 

The way we obtain this result is through the dual side in terms of coinduced modules, where inspiration 
is drawn from the approach to curved parabolic geometries in [CSSOlj . The coinduced module can 
be identified with the module inducing the infinite jet prolongation of the homogeneous vector bundle 
G x p V — > G/P. This approach also has the advantage that the resolutions we obtain are ready to be 
expressed in terms of their dual side as differential operators, which can be of importance regardless of 
complete reducibility of the cohomology groups. We also provide a counterexample to show that the 
obtained sufficient condition H m (n,W) = keiD (with H'(n, W) completely reducible), is not a necessary 
condition for a module to be resolved by Verma modules, in Example 15.21 

The construction of BGG resolutions is particularly applicable to basic classical Lie superalgebras of 
type I, which possess large classes of unitarisable representations, also called star representations, see 
|GZh901 ISNR771 IZhG90j . This leads to the following results in Theorem [O] and Theorem E31 

Theorem. For g — g[(m\n) with a parabolic subalgebra p, the g-module V can be resolved in terms of 
direct sums of p- Verma modules if 

• V is a star representation of type (1) and p contains gl(n) 

• V is a star representation of type (2) and p contains gl(m). 

For g = osp(2|2?i) with a parabolic subalgebra p, the g-module V can be resolved in terms of direct sums 
of p- Verma modules if 

• V is a star representation of type (I) and p contains sp(2n) 

• V is a star representation of type (2). 

Since the tensor modules of gl(m\n) are included in the class of star representations of type (f ), see 
GZh90j, this extends the results on BGG resolutions in |CKL08j and [CLIO] . the resolutions for osp(2|2n) 
are entirely new. The star representations of type (2) are in both cases the dual representations of those 
of type (f). 

Also non-unitarisable cases can be studied. From our general construction of resolutions, the following 
result in Theorem 17. f I and Theorem 14.31 can be derived. 

Theorem. Consider a reductive Lie superalgebra g with semisimple part consisting of basic classical Lie 
superalgebras, with parabolic subalgebra p = go + n and a finite dimensional irreducible representation W. 
Assume the go-module kerD C C*(n, W) is completely reducible. If for each k £ N it holds that 

[kerDfc : M][kerD k+1 : M] < 1 

for all irreducible go-modules M , then W has a resolution in terms of direct sums of generalised Verma 
modules. Moreover, in this case H*(n,W) = i?,(n, W) = kerD holds. 

These results are applied to construct BGG resolutions motivated by the study in [CoSSf 2] of the 
super Laplace operator as an intertwining operator between principal series representations for osp(m|2n). 
This operator and its symmetries appears in certain quantum mechanical problems in superspace, see 
[CoDSf l\ IZh08j . In [CoSS12| the quotient of the universal enveloping algebra of osp(m|2n) with respect 
to a Joseph-like ideal was identified as an algebra of symmetries of the super Laplace operator. In order 
to prove completeness of these symmetries, the space of super conformal Killing tensors needs to be 
identified with an irreducible 0Bp(m|2n)-representation. For the case of the ordinary Laplace operator 
in [Ea05j this is done through (part of the) BGG resolutions for so(m) and in the current paper we 
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approach this problem for osp(m|2n). Therefore we take the Lie superalgebra osp(m|2n) with maximal 
parabolic subalgebra as in |Zh08j . In particular it follows that the natural representation of osp(m\2n) 
can be resolved in terms of generalised Verma modules if the condition m — In < 1 holds. 

In the current paper we do not focus on the weak BGG resolutions, which can be derived more easily 
and have already been applied to obtain character formulae for representations of gl(m\n) in e.g. |Se96j . 
Often the strong resolutions are derived from the weak resolutions, see |BGG75| ICKL08| IHu08| ILe77| 
IRW82j . but in the current paper we take a different approach. 

The remainder of the paper is organised as follows. In Section [2] we give a brief review of the BGG 
resolutions, Kostant cohomology and BGG sequences of invariant differential operators on parabolic 
geometries, for Lie algebras. In Section [3] we derive some results on non-degenerate invariant bilinear 
forms and adjoint operations on basic classical Lie superalgebras and the corresponding contravariant 
hermitian forms on representations. In Section|3]we introduce the derivative and coderivative on C*(n, V). 
Then we derive some properties, which are well-known for Lie algebras and work out some formulae that 
will be useful for the sequel. The main difference with the classical case is the fact that the derivative 
and coderivative are not always disjoint operators. Some results on how to handle this new feature are 
derived, in particular we obtain several criteria for this disjointness. In Section [5] we prove that any 
proper BGG resolution is given in terms of modules induced by the homology groups, which implies 
that the homology groups need to be completely reducible in order to allow BGG resolutions. Then we 
introduce an invariant operator d acting between the g-modules coinduced by the p-modules C*(n, V). 
This leads to a coresolution of V. If the derivative and coderivative are disjoint we can introduce a 
splitting operator, which is applied to construct a coresolution of V in terms of g-modules coinduced by 
the cohomology groups H* (n, V) . By dualising this result we obtain the desired resolution of V* in terms 
of induced modules in Theorem 15. 51 generalising the BGG resolutions for Lie algebras. In Section [5] we 
focus on the unitarisable representations of gl(m|n) and osp(2|2n), which leads to extensive classes of 
cases where BGG resolutions exist. In Section [7] we derive alternative and practical sufficient conditions 
for the disjointness of the derivative and coderivative, that do not require unitarisability or even complete 
reducibility of C*(n, V). Using this, we focus on osp(m\2n) and a maximal parabolic subalgebra. Finally, 
in the Appendix we study the operator d using Hopf algebraical techniques and show that it corresponds 
to a twisted exterior derivative. This result is needed to prove the exactness of the operator d in Section 
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2 Lepowsky BGG resolutions and invariant differential opera- 
tors 

In |BGG75j . Bernstein, Gel'fand and Gel'fand proved that each finite dimensional irreducible represen- 
tation Y\ of a complex semisimple Lie algebra g has a resolution in terms of Verma modules. In [Le77j 
Lepowsky extended this result to the parabolic setting. To state his result we need to introduce the nota- 
tion M(A) for the irreducible p-representation with highest weight A 6 fj* with [) the Cartan subalgebra 
of q = n + 0o + Ti- For the irreducible ^-representation Y\, there is an exact complex 

0^ yM(w-\) . . . _^ V M( W -X)^,,,^ yM( w .X) ^yM(X) ^ Yx ^ Q (2) 
ttiGVKMdimn) weW 1 (j) weW 1 ^) 

with W 1 the parabolic Weyl group (with p-shifted action on f)*) and V M — U(q) ®u(p) M the parabolic 
(or generalised) Verma module induced by the irreducible p-module M, see |Le77] for details. 

Since such a resolution is a projective resolution in the category of finitely generated n-modules, this 
allows to compute the cohomology of n in the module Y\. This cohomology was already studied by 
Kostant in |Ko61j . the cohomology groups are described as 

H j (n,V x ) £* M(w ■ A) 
as p-modules. The result of Lepowsky can therefore be rewritten in terms of these cohomology groups. 



4 



There is a well-known correspondence between Verma module morphisms and differential operators 
acting between the principal series representations, corresponding to vector bundles on the generalised 
flag manifolds G/P with G and P groups with Lie algebras g and p, see e.g. [Po88, EaR8~7 ] fZe76| . This 
implies that there is a locally exact complex 

->• V* -> T(G/P,G x P H° (n,V*)) T(G/P, G x P i? 1 (n, V*)) 

■••-> T(G/P,G x P H dimn (n,Y*)) -> 0. 

One of the interesting features of this result is that each irreducible representation V* can be explicitly 
realised as the kernel of some set of differential operators 

T(G/P,G x P H°(n,Y*)) -> T(G/P,G Xp5 1 (n,V*)). 

Since this only depends on the last part of the BGG resolution (or the first part of its dual differential 
operator sequence) we will pay special attention to this last part in Section [7] There we find some cases 
in which the BGG resolutions might not exist, but this last part still has an analogue. This realisation 
of V* in T{G/P,G x P H°(n,W*)) is similar to the Borel-Weil theorem. The Borel-Weil(-Bott) theorem 
of |Bo57j has been studied for Lie supergroups in [PS e89j . 

In [CSSOlj Cap, Slovak and Soucek proved that the differential operators in the sequence above 
extend to curved Cartan geometries based on G/P, known as parabolic geometries, even though there 
the sequences are no longer complexes. In doing so, they also provided a new proof of the BGG differential 
operators for the flat model G/P, which gives a new proof of the result of Lepowsky. It turns out that 
the ideas in (CSSOlj . using differential operators, extends more easily to the supersetting than the direct 
proof of the BGG resolutions in |Le77) . In this paper we use methods inspired by the simplification of 
CSS01 provided in ICaDOll by Calderbank and Diemer, to prove BGG resolutions for basic classical Lie 
superalgebras. Even though some of the machinery is inspired by the differential operator side we will 
formulate and prove everything in a purely algebraic setting in the current paper. 

3 Killing form and adjoint operations 

In this paper we will use both forms and inner products that take into account parity and do not. It 
will always hold that the relevant notions for bilinear forms are supersymmetry and graded invariance. 
The relevant notions for sesquilinear forms are hermicity (not superhermicity) and contravariance. This 
different behaviour for the two types of forms is also reflected in the extension to tensor products. 

We recall the notions of adjoint operation and star representation of a complex Lie superalgebra, 
see [SNR77] . A star Lie superalgebra is equipped with a map f : g — > g which is antilinear, even and 

satisfies [A, B]t = [B\A*\ and (A^ = A for A,B e g. Such a map is called an adjoint operation. A 
star representation (or unitarisable representation) of such an algebra is a representation with a (positive 
definite, hermitian) inner product (•, •, ) on V which satisfies (Av, w) = {v, A^w) for v, w £ V and A G g. 
An inner product satisfying this last property is called contravariant. 

For every adjoint operation on a reductive Lie superalgebra, the Cartan element corresponding to 
a certain simple root can be considered to be mapped onto itself under the adjoint operation. Other 
adjoint operations correspond to combinations of such adjoint representations with Lie superalgebra 
isomorphisms. 

Lemma 3.1. Every reductive Lie superalgebra with semisimple part consisting of basic classical Lie 
superalgebras has an adjoint operation. 

Proof. For all basic classical Lie superalgebras except D(2,l;a) this follows from |SNR77j . For the Lie 
superalgebra D(2, 1; a) this follows from jVd J85] . □ 

Such an adjoint operation can always be used to construct a non-degenerate contravariant hermitian 
form on a finite dimensional irreducible representation of a basic classical Lie superalgebra, as we prove 
in the following lemma. In case this form is positive definite, the representation is a star representation. 
For finite dimensional basic classical Lie superalgebras, this positive definiteness is only possible for those 
of type I, A(m\n) = sl(m\n) and C(n) = osp(2|2n), see [SNR771 IVdJ85] . 
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Lemma 3.2. Every finite dimensional irreducible representation V of a reductive Lie superalgebra g 
with semisimple part consisting of basic classical Lie super algebras, has a non- degenerate contravariant 
hermitian form. This is a non- degenerate hermitian form (•,-,) satisfying 

(Av,w) — {v,A'w}, 

for A G q, v, w G V and f an adjoint operation on g. 

Proof. First we define a contravariant hermitian form on the corresponding Verma module. If the highest 
weight vector of V is of weight A, we consider the Verma module V x — U (g) ®u(b) Ca- The highest weight 
vector of the Verma module will be denoted by v + . 

Consider an adjoint operation, which exists by Lemma |3~T1 We define the form (•, •) on V x by putting 
(v + , v + ) = 1 and (v + , w) = for every weight vector w G V x of lower weight and 

(Y 1 ■ ■ ■ Y k v+, ¥{■■■ Y{v+) = (v+,Y£ • • • Y?Y{ ■ • • Y{v+) 

for Yi, ■ ■ ■ , Yfc and Y[, ■ ■ ■ , Y( negative root vectors. This is consistently defined by the properties of an 
adjoint operation. The adjoint operation can be naturally extended to U(q), by the relation (A\ ■ ■ ■ A p )^ = 
Ajj - ■ ■ A\ for Ai t ■ ■ ■ ,A P £ g. From this approach and the knowledge of the action of | on the Cartan 
subalgebra, it follows easily that the proposed form on V x is hermitian. 

Clearly the maximal submodule of the Verma module consists of vectors which are orthogonal on all 
vectors. Therefore the form descends to V. Since V is simple and every degenerate subspace is an ideal, 
this bilinear form has to be non-degenerate. □ 

Now we prove the existence of non-degenerate supersymmetric consistent invariant bilinear forms on 
0, denoted by (•,•): g x g — > C Invariant means that 

([B,A],C) = -(-1) |A||B| (A, [B,C]) or equivalents ([A, B],C) — (A, [B, C]) holds for A,B,C Eg, 

consistent means (gg,gy) = and supersymmetric means (A,B) = (— 1)\ A ^ B \(B, A). 

Basic classical Lie superalgebras either have a non-degenerate Killing form or a zero Killing form, see 
|Ka77j . Every invariant form is proportional to the Killing form. First we show that in case the Killing 
form is zero we can construct another bilinear form satisfying the desired properties. 

Proposition 3.1. There exists a non- degenerate supersymmetric consistent invariant bilinear form on 
D(2,l;a) and osp(2n + 2|2rc). 

Proof. The proof we give holds for any basic classical Lie superalgebra g. Since g is simple, the adjoint 
representation has a non-degenerate contravariant hermitian form (■, ■) as in Lemma 13.21 for an adjoint 
operation f. The bilinear forms (•, -)i and (■, -)2 defined by 

(A,B) 1 = (A\B) and (A,B) 2 = (-1)\ A ^{B^ A) = (-1)\ A " B \(B, A), 

are non-degenerate, consistent and invariant. We can construct a supersymmetric one by adding these 
two together, (•, •) = (■, -)i + (•, ■)%. This is still consistent and invariant. 

Since g is simple an invariant bilinear form is either zero or non-degenerate, because a degenerate 
subspace would be an ideal. In order for (•, •) to be zero, (•, -)i needs to be super skew symmetric. The 
restriction of (•, -)i to gj is proportional to the Killing form of this reductive Lie algebra (and non- zero) 
and therefore symmetric, so (•, - )i can n °t be super skew symmetric and (•, •) is non-degenerate. □ 

Lemma 3.3. For a reductive Lie superalgebra with semisimple part consisting of basic classical Lie 
superalgebras, a non-degenerate supersymmetric consistent invariant bilinear form always exists. 

Proof. For the basic classical Lie superalgebras except osp(2n + 2|2n) and D(2, 1; a) such a form exists 
and is always proportional to the Killing form, see |Ka77j . For the two remaining cases such a form can 
be constructed by Proposition 13. II For osp(2n + 2|2n) this also follows from Lemma 2 in |CoSS12j . 

The form on g is the direct sum of the form on its simple and abelian summands. □ 
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This form will always be referred to as the Killing form. The quadratic Casimir operator is given by 

dim g 

for {Ai} a basis of g and {A\} its dual basis, (A\,Aj) = Sij. This operator is central in U(g), which is a 
direct consequence of the invariance of the Killing form. 

In the following lemma we prove that an arbitrary adjoint operation on a basic classical Lie superal- 
gebra has a special relation with the Killing form. In fact, it is known that there are only two adjoint 
operations on each basic classical Lie superalgebra, see |SNR77j , one can be derived from the other as in 
the subsequent Proposition ^. 21 

Lemma 3.4. For an adjoint operation t on a reductive Lie superalgebra g with semisimple part consisting 
of basic classical Lie superalgebras, it holds that 

(At,i?t) = Jb~A) 
with A, B G and (•, ■) the Killing form on g of Lemma \3.Sl 

Proof. First we consider g to be a basic classical Lie superalgebra and ignore the cases where the actual 
Killing form is zero, osp(2n + 2\2n) and D(2, 1; a). We apply Lemma \3. 2 1 on the adjoint representation 
0. With respect to the non-degenerate hermitian form (-, •) on g we choose two bases {Aj} and {Bj} of 
g such that (Aj, Bk) — 8jk holds. The Killing form can then be defined as 

(A,B) = X;(-l)l^l <i4i) [A l fl Jk ])(A fc ,[B s fl i ]) 
= ^(-1)1^1^., [A, [B.B,-]]), 

3 

see |Ka77j . The desired property then follows from a direct calculation and the fact that the Killing form 
is consistent and does not depend on the choice of dual bases. 

For the remaining cases the property follows immediately from the fact that the form can be defined 
as in Proposition 13. II □ 

The dual representation of a 0- representation V is defined on the space of linear functionals V* . This 
space becomes a g- module with action given by (Aa)(v) = — (— l)\ A W a \a(Av) for A G g, a G V* and 
v G V. The following anti-linear bijection between V and V* will be of importance in Section |4j This 
lemma is equivalent to the statement that an irreducible representation is isomorphic to its own twisted 
dual. 

Lemma 3.5. Consider a finite dimensional irreducible representation V of a reductive Lie superalgebra 
with semisimple part consisting of basic classical Lie superalgebras, with dual representation V*. There 
is an anti-linear bijection, ijjQ : V — > V* that satisfies ipo(Av) = — (— 1)\ A ^ V \ A'* 1 ipo(v) for A s 0, v G V and 
f an adjoint operation on g. 

Proof. This can be induced from the hermitian form in Lemma 13.21 For v G V we define (v) G V* as 
(i/>o(^)) (w) — (v,w) for all w G V. This is a bijection because of the non-degeneracy of (•, •}. Then it 
follows that 

(^o(^)) (w) = (Av,w) = (v, A^w) 

= (Mvj) (A*w) = -(-l)WM (A^ (v)) H, 

which proves the lemma. □ 

The dual of a star representation is again a star representation, but with different adjoint operation, 
as is stated in the following proposition. This generalizes Proposition 1 in [ZhG90j. 
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Proposition 3.2. If the irreducible Q-module V is a star representation for adjoint operation \, then V* 
is also a star representation for adjoint operation 

A -» (-l) |A Ut for A eg. 

Proof. The inner product on V* is defined as (a,/3) = a ( v i)P( v i) f° r { v i} an orthonormal basis of 
V. The fact that (Aa,@) = (-1 (a, A^/3) follows fro m a direct calculation. Also the fact that the 
proposed mapping yields an adjoint operation follows in a straightforward manner. □ 

Finally we define the twisted dual representation of a finite dimensional representation. 

Definition 3.1. For any finite dimensional representation U of a star Lie superalgebra with adjoint 
operation f the twisted dual representation U v with respect to f is defined on U* , the space of linear 
functionals on U, with action given by 

(Aa){x) = a(A^ ■ x) 

for a e U* , x G U and A an element of the Lie superalgebra. 

Note that an irreducible finite dimensional representation is its own twisted dual, which follows from 
the fact that a finite dimensional irreducible representation is completely determined by its highest weight 
and the parity of the corresponding vector. 

4 Kostant cohomology 

The type of algebra (co) homology we consider was originally studied by Kostant for Lie algebras in 
|Ko61] and by Bott for one specific case |Bo57j . For Lie superalgebras, results have been obtained in e.g. 
[CKL081 ICKW101 ICLZh04l ICZhf)4l ILZhllj . However, all these results are for the case of unitarisable 
representations, while in this section we do not impose this very restrictive condition. The closely related 
sheaf cohomology on the generalised flag supermanifold G/P (as a generalisation of |Bo57j ) has been 
studied in |PSe89j . 

We consider a reductive Lie superalgebra g = n + go + n as in the introduction, with parabolic 
subalgcbra p = £)o + P and a finite dimensional irreducible representation V. We also use the notation 
• | G Z 2 which maps a homogeneous element of a super vector space to or 1 depending on whether it 
is even or odd. The summation ^ Q will always be used to denote a summation 5Z a ™" related to a basis 
{£ a } of n. The notation A ■ v stands for the action of A 6 g on v an element of a g-module V. 

Usually we will consider bases {A;} of g which split into a basis {£ a } of n and a basis {T K } of p*. 

4.1 Definitions and basic properties for C*(n, V) 

Kostant (co)homology for the Lie superalgebra g with parabolic subalgebra p is defined by introducing 
the space of fc-chains C fc (n, V) = A fe n ® V. These spaces are naturally p-modules. Through the Killing 
form (-, ■) from Lemma 13.31 we have the identification 

C fc (n,V) = A fe n®¥^ Hom(A fc n,V). 

The explicit evaluation of C k (ri, V) on A fc n in the identification above is inherited from the evaluation 
of ® k n <£) V on ® fc n defined by induction through 

(X 1 <g> • • • ® X k ® v) (Yi ® • • • ® Y k ) = (-i)I^KI^I+-+I^D(y 1 ,x 1 ) (X 2 ® • • • ® X k g> v) (Y 2 <g» • • • ® Y k ) . 

We also introduce the notation [A, V] and [V, A] for the left and right adjoint action of A S g on V S (g> fc 0, 
induced from the Lie superbracket which captures the adjoint action of g on itself. 

Now we come to the definition of the operators that act between the spaces of chains C* (n, V) and 
define the homology and cohomology groups. These definitions are direct extensions of those of the 
operators in |Ko61j . The standard derivative d : C*(n, V) — > C*(n, V) linearly maps elements from 
C fc (n, V) to C fc+1 (n, V) for each k. Sometimes we will use d k to denote we consider the restriction of d 
to C k (n, V) and similarly for the coderivative d* . 
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Definition 4.1. The standard derivative or boundary operator is given by d k ■ C fc (n, V) — > C fc+1 (n, V) 

k 

(d k a) (Y A Y! A • • -Y k ) = ^(-l)i(-l)mi(l^|+-+l^-x|)y. . ^(y A . . I . y fc) ) 

i=0 

1 k 

+-^(-l) i (-l)l y *Kin +1 |+-|^l) a([ y A . . i . Yk , Yi]) 

i=0 

for a E Hom(A fc n, V). The coderivative or coboundary operator <9j* : C fc (n, V) — > C fe_1 (n, V) is given by 

d* k (XAf) = -X.f-XAd* k _ 1 (f), (3) 

for / e C k - 1 (ri,V), where we set 3g = 0. 

Usually the definition of d is given by a different but equivalent expression, see |Ko61j . Here we choose 
a different form that leads to less arguments in the sign (—1) originating from switching elements of n. 

Lemma 4.1. The coderivative d* : C*(n, V) — > C*(n, V) satisfies d*od* ~ and is a p-module morphism. 

Proof. These properties follow by induction, using the definition of d* in equation ([3]). □ 

Definition 4.2. The cohomology groups are the p-modules defined as H k (ri, V) = ker(9£)/im(<9£ +1 ). 
The homology groups are the go-modules defined as Hk{n,Y) — ker(<9fc)/im(<9fc + i). 

BGG resolutions are always expressed in terms of such cohomology groups, see the subsequent The- 
orem 15.11 Only if they are completely reducible as p-modules this constitutes a resolution in terms of 
Verma modules. 

Lemma 4.2. The action of n on the p-module H k (ri,V) is trivial, consequently H k (n,Y) is completely 
reducible as a p-module if it is completely reducible as a Qo-module. 

Proof. Equation §3§ implies that if / E ker d* , then X ■ f £ im<9* for let) and therefore the n-action is 
trivial on i? fe (n,V). □ 

Contrary to d* , d is not a p-module morphism. In order to construct BGG resolutions we need the 
following lemma, which describes how far d is from being a p-module morphism. 

Lemma 4.3. For Z G p and f G C*(n, V) the following relation holds: 

d(z-f) = z-d(f)+j2taAie a ,z} p -f, 

a 

for any basis {£ a } of n with dual basis o/fi with respect to the Killing form. In particular, d is a 
Qo-module morphism. The derivative also satisfies d o d = 0. 

Proof. Through the identification A fe n ® V = Hom(A' c n, V) the p-action on a G Hom(A fc n, V) is given by 

(Z ■ a){Y x A • • • A Yfc) = {-l)\ z \^\+-+\^\) Z ■ (a(Y 1 A • • • A Y k )) + a{[Y x A • • • A Y k ,Z]«). 
Application of this and Definition 14.11 yields after some straightforward calculations 
(d ■ Z ■ a) (Y Q A • • • A Y k ) - (Z ■ d ■ a) (Y A • • • A Y k ) 

k 

= ^(_iy(-i)i^i(i>'oi+-+i^-xi) ( _ 1) i^(|yoi + - ! - + ini) [y . ) zlp . ( a{Yo A . . z . AYk) ^ 

i=0 

1 k 

+ -^(-l) i (-l)^K|v* +1 +-+l^l) a([ y A . . i . Yk , [ Yi , Z] p ] w ) 

i=l 

+ ^(-l) i (-l)^l^ i+1 +-+l^l) ( _i)l>'il^l a([ y A ...l. Yk , Z] p ,Y^). 
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Explicitly expanding the last term yields an expression equivalent to the second to last term, which shows 
the right-hand side above reduces to 

k 

Qy. t z \ p • a) (Yq A • • •' • AY k ). 

i=0 

The lemma then follows from the calculation 

Y,Ha/\{t;iZ} p -a\ (Yq A • • • A Ffe) 
a / 

= ^(-l) l (-l) |Yl|(|Y!+l|+ - +|n|) (K.-^lp • a) (Y A • • - 1 ■ AY k ), 

i=0 

which is a consequence of the invariance of the Killing form. 

Finally the property d o d — also follows from an immediate calculation. It could also be proved 
from the corresponding property of d* in Lemma 14.11 and the fact d and d* are adjoint operators with 
respect to a non-degenerate bilinear form on C fc (n, V), such as the one on C fe (n,W) in the subsequent 
Theorem O □ 

In the following lemma, we derive the explicit form of the standard derivative d on the A k n ® V- 
interpretation of C fe (n, V). 

Lemma 4.4. For any basis {£ a } of n with dual basis {Q} of n im'tt respect to the Killing form, the 
standard derivative satisfies 

d(XAf) = ^6,A[£t,X] n A/-XAd/ 

a 

for X en and f £ C^^n, V) and 0u = £ a £ Q ® f* • v for v € V = C°(n, V). 
Proof. It is readily checked that the expression 

9 (X! A • • • A X fe ® «) = 1 ^ £ a A [CI, X± A" - A X k ] n ®H(-lf^IiA-M t AU^» 

a a 

is equivalent with the one in Definition 14. II The result then follows easily. □ 

4.2 Relation with cohomology for C'(n, W) 

The super vector space 

C fc (n,V*) = A fc n®V* = Hom(A fc n, V*) 

can be identified with the dual space of C fe (n, V) = A fc n<g)V, where the pairing is induced from the Killing 
form and the pairing between V and V*. This is the subject of the following definition. 

Definition 4.3. The bilinear form (•, •) : V* x V — » C corresponds to the evaluation of V* on V: 
(a, v) = a(v) for a£V* and v G V. The bilinear form 

(v) : (<8> fe n®V*) x (<g> fe n®V) -> C 

is defined inductively by 

(Y®q,X®p) = (-l)^ x \Y,X)(q lP ) 

for Y G n, X e n, q e ® fe_1 n (g) V*, p G ® fe_1 n <g> V and (Y,X) the evaluation of the Killing form in 
Lemma [3.31 The non-degenerate bilinear form C k (n, V*) x C fc (n, V) — >• C is the restriction of the form 
above. 
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Just as the spaces C fe (n,V) are naturally p-modules, C k (n, W) are naturally p*-modules, so in par- 
ticular go-modules. It is easily seen that the form in Definition 14.31 is go-invariant, but to formulate this 
more broadly we need to introduce the following action. 

For Ae Q and / G C*(n,V), A[f] G C fe (n,V) is defined by induction as 

A[XAg] = [A,X] n Ag+(-l)^ x ^X AA[g] for X G n, g G C*" 1 (n, V) (4) 

and = • v for v e V. Note that for A 6 p, = A ■ f holds, but for general A G g this does not 
constitute a representation. If we restrict ^4 to be an element of p*, this introduces a p*-representation 
structure on C k (n, V) , which corresponds to the identification of vector spaces given by 

(A fc g g> V) / (A fc p* (g> V) = A fc n®V = C fe (n,V). 

A similar definition of the action of g on C fe (n, V*) follows immediately: 

A\Y A /] = [A, Y]n A / + (— l)' A " y 'y A A[f] for Y G n, / G C*" 1 ^, V*) (5) 

and A[u>] = A • to for u G V*. 

The bilinear form in Definition 14.31 satisfies 

(A[q],p) = -(-l)\ A ^(q,A\p}) (6) 

for ieg, g e C fe (n, V*) and p G C fc (n, V), which follows immediately form the invariance of the Killing 
form. In particular the bilinear pairing between the go-modules C*(n,V*) and C*(n, V) is go-hivariant. 

Then we can define the operators S* : C fc (n,V*) -> C fc - x (n,V*) and 6 : C k (n,W*) -> C fc+1 (n,V*) as 
the adjoint operators with respect to (•, •) in Definition 14.31 of respectively d and d* . By definition, i5 and 
5* are go-module morphisms and satisfy S o § = = 5* o 5* . 

Lemma 4.5. The operator 8* : C fc (n, V*) -> C fc-1 (n,V*) satisfies 

S*(YAf) = -Y-f-YAS*(f) 

for Y G n and / G C* -1 (tl,V*) and ito is a p* -module morphism. The operator 5 : C k (n, V*) — ► 
C* fc+1 (n,V*) sate/ies 

A-An®u) = ^(-l) l ^AK ai l'iA---An] w 8« 

a 

+ (-!)" E(- 1 )' Cal F l A • • • A Yk A & ® & ■ U 

a 

for Yj G n and iieV. 

Proof. The definition of the bilinear form in Definition 14.31 implies that for f3 G C fc (n, V) = Hom(A fe ri, V) 
and For Yi A • • ■ A Y k ® u G C*(tt, V*) = A fe n ® V* it holds that 

(Y x A---AY k ®u,(3) = (-l)H(l^l+-+ini)( U)/3( y lA ... A y fc )). 
From this and Definition 14.11 it follows that 

k 

8*{Yx A • ■ • A Y k ® u) = ^(-l)*(-l)l y «KI*+i+---+lnl)y 1 A . . i . y k ® y . u 

i=l 

i=l 

holds. Expanding the adjoint action in the second term yields the proposed formula. 

The operator 5 can be calculated similarly from the definition of d*. □ 
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The basis {(— 1)^"£ Q } is a dual basis for n of the basis for n, with respect to the Killing form in 
Lemma 13.31 since this form is supersymmetric. Comparison with Definition 14.11 and Theorem 14.41 shows 
that 8 and 8* are naturally the standard derivative (boundary operator) and coderivative (coboundary 
operator) for Lie superalgebra (co)homology of n in irreducible g-modules. Next we prove that these 
operators are adjoint operators with respect to a hermitian form on C*(n, V*). For g a Lie algebra, this 
form can always be chosen to be positive definite, see Section 3.5 in |Ko61| . For Lie superalgebras this is 
very exceptional, all such cases are classified in Section [6] 

Theorem 4.1. Consider a reductive Lie superalgebra g with semisimple part consisting of basic classical 
Lie superalgebras, with parabolic subalgebra p = Qq + n and finite dimensional representation W. There is 
a non- degenerate hermitian form (■, ■) on C (n, W) which is contravariant with respect to go, such that 

(Sf,g) = -(f,Pg) 

holds, for f e C' £ - 1 (n,W) and g e C fe (n,W). 

Proof. First we consider a contravariant hermitian form (■,■) on W as in Lemma 13.21 for an adjoint 
operation f . Next we define a nondegenerate hermitian form (•, •} on n by 

(Y 1 ,Y 2 ) = (Yl,Y 2 ) 

for Yi,Y2 S n and (■, ■) the Killing form of Lemma T3.3I The fact that the form is hermitian follows from 
Lemma 13.41 The invariance of the Killing form then implies that for A G g, 

{[AY^Yz) = (jtf, A%Y 2 ) = (yt, [A\Y 2 ]) = (Y 1; [A\Y 2 }«). 

In particular this form is go-contravariant, ([B,Yi],Y 2 ) — (Yi, [B\Y 2 ]) for B s 0o- Note that since g 
is reductive this hermitian form could also be constructed through using Lemma 13.21 on the simple and 
abelian subalgebras of g. 

The combination of the two hermitian forms gives a hermitian form on each C k (n, W) which we denote 
by the same notation (•, •) and is defined inductively by 

(Y 1 Af,Y 2 Ag) = (Y 1 ,Y 2 )(f,g). 

It then follows from a direct calculation, similar to the one in the proof of Lemma [4.51 that 8 and — 5* 
are adjoint operators with respect to these hermitian forms. □ 

The operators 8 and 8* also define (co)homology groups, Hf-(n, ¥*) = ker <5fc/im<5fc_i and H k (n,Y*) = 
ker<5jj!/im5£ , x . There exist clear relations between the four (co)homology groups. 

Lemma 4.6. As go-modules, the isomorphisms 

H k (n,V*) = (ff fc (n,V*)) v £ (H k (n,V))* S ((tf fc (n, V))*) V 

hold with M* the dual representation and M v the twisted dual representation of the go -representation M 
with respect to f as in Definition \3.1\ 

Proof. The first equality follows from the fact that 8* and —8 are adjoint operators with respect to a 
0o-contravariant hermitian form in Theorem 14. II 

The property H k (n,Y*) = (fffc(n, V))* follows from the fact that 8* and —d are adjoint operators with 
respect to a non-degenerate go-invariant bilinear form, in Definition 14.31 and equation ([6]) . The equality 
of the second and fourth representation follows similarly. □ 

In particular this shows that in case H k (Ti, V) is completely reducible as a go-representation, it is 
isomorphic to the corresponding homology group Hk (n, V) . 

To end this section we briefly show that the homology groups are identical to certain Ext functors, 
which is a standard homological fact and explains the connection of Kostant cohomology with BGG 
resolutions. 
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Lemma 4.7. The homology group Hk{n,Y) — ker dk/imdk-i satisfies 

H k (%Y) S Ex4(C,V) 

as Qo-modules, with Ext ff (— ,V) i/ie rig/it derived functor of the left exact contravariant functor 
Honin(— , V), see Section 2.5 and Chapter 3 in \ We9J$ . 

Proof. The proof does not change substantially from the proof of the corresponding well-known fact for 
Lie algebra homology, so we only sketch it. The Koszul complex or Chevallay-Eilenberg complex 

W(n) <g> A fc n -> > U(n) n -> W(n) -> C -> 

is a projective resolution of the trivial n-module C, in the category of finitely generated n-modules, 
see section 7.7 in |We94 ]. Applying the left exact contravariant functor Hom-^(— , V) for an irreducible 
0-module V yields the complex 

-¥ V -> Hom c (n, V) -> ► Hom c (A fc n, V) ->■ • • • 

after scratching Hom„(C,V) and identifying Hon%(W(n) ® A fe n, V) = Homc(A fc n, V). This is exactly the 
complex of the standard derivative d on C*(n, V) = Homc(A'n, V). Then by definition the right derived 
functors of Hom„(— , V) evaluated on C are the homology groups, so Hk(n,Y) = Ex%(C, V). □ 

4.3 The Kostant quabla operator for Lie superalgebras 

The Kostant quabla operator on C* (n, V) is defined as 

n = dod* + d*od : C fc (n,V) -> C* fc (n,V). (7) 

The corresponding operator 68* + 8*8 on C*(n, W) is denoted by the same symbol □. 

For Lie algebras, this operator is a central tool in the study of the (co)homology, see |Ko61j . For 
Lie superalgebras the role of this operator in the theory is not always as decisive, in this subsection we 
explore some useful properties of this operator in the setting of Lie superalgebras. 

First we show that this operator can be expressed in terms of Casimir operators, as in Theorem 4.4 
in [Ko61 for Lie algebras, or Lemma 4.4 in CZh04 for g — gl(m\n) and flo = 0o = flt( TO ) © QK n )- 

Theorem 4.2. Consider a reductive Lie superalgebra q with semisimple part consisting of basic classical 
Lie superalgebras, with parabolic subalgebra p = 0o + n and representation V. The Kostant quabla operator 
on C k (n, V) takes the form 

\ a k / \ a / 

where {£ a } is a basis of n, {T K } a basis of p* , i is the natural embedding l : A fe n <E> V <—> A k g (g> V and 
C2CV) the value of the quadratic Casimir operator C2 = Yla £ a £a + S K ^«^k ^(fl) 0?z V- 

Before we prove this relation, we note that even though the right hand side is defined as an element of 
A fc g<x) V, it follows from the theorem that it is contained in the subspace C fe (n, V). It can also be directly 
checked that the expression of the element of U(q) on the right hand side (which is equivalent to □) can 
be rewritten as an element of U(qq): 

\ (W) + t\\ ]T B b B^j (8) 

for {Bi,} a basis of go- This shows that in fact the quabla operator on the p-module C*(n, V) is equivalent 
to an element of Z(q ), the centre of U(qo)- 
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Proof. We start by observing that the operator d : C k (n, V) — > C k+1 (n, V) can be rewritten as 

i {d{X x A • • • AX k <g> «)) = 5 5^6, A gt, A • • • A ® w - i ^T K A [I* *i A • • • A X k ] ® « 

a k 

+ ^(_l)l€.l(|x I |+...+|Jc fc |) & A Xi A . . . A Xk q g . Vj 

a 

which follows from the proof of Lemma f~T~Tl and the relation 

a an 

= -E(- 1 ) |x|(|x|+|TkI) E^ a ([ t -^'^) t " 

K a 

= -J2(-ir MX ^J2U A (& [TlX]) r fi =£t s a e&*] 

k a k 

for X e n. 

Therefore we can rewrite the expression for d (which is now considered to be acting on the g-module 
A'g ® V) further to 

d = ~£^-i£T K ATt + i5>A(Aj 



2 

a k j 

with {Aj} a basis of g. The notation A v is used for the action of g on A'g ® V which comes from the 
tensor product action on V with trivial action on g, while the ordinary action of g on Ag® V is the tensor 
product action with the adjoint action on g. Thus we have obtained a new expression for an operator on 
A'g ® V which corresponds to the derivative d when restricted to C fe (n. V). 

The operator d* can be trivially extended to A'gtgiV by applying equation ([3]) for A G g: d^(AAf) = 
-A ■ f - A A d^-iif) f° r / e A fe_1 jj ® V. Then it follows that 3* is a g-module morphism. These 
observations lead to 

99* + d*d = -l^Ul + ^T.Tt-^Aj^Y 

a K j 

\ a k / 

with O the operator on A'g <£> V which is defined by 
0(Bi A ■ ■ • A B k ® v) 
= -~ ^(-l)'^^.^ A ■ • • A B fc ] ® A* • « 

3 

+ 1 ^(_l)i+|B«l(|fl. + i|+-+|fl*l) ^(-^IBII^I+IB.HA,^. A Si A . . I . ABk g, A$B iV 



J 



for B.eg.oeV and |B| = + • • • + |B fc | 
The property 



for X £ q follows from the invariance of the Killing form and shows that the operator O is zero. □ 
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Denote by C fe (n,V)o the generalised eigenspace of □ acting on C fe (n,V), with eigenvalue zero. For 
certain questions it will be important whether this go-module is completely reducible. Since □ £ Z(go), 
complete reducibility of C*(n, V)o implies that C*(n,V)o = kerD holds, but we also prove that com- 
plete reducibility of kerD already implies C*(n, V)o = kerD and therefore that C*(n, V)o is completely 
reducible. 

Lemma 4.8. 7/kerD on C fe (n, V) is completely reducible as a Qo-module, then C fe (n, V)o = kerDfc. 

Proof. If C fe (n, V)o ^ ker Dfc, there is a non-zero highest weight vector in the go-module C fc (n, V)o/ ker Dfc, 
of the form x + kerDfc for an a; £ C k (xi, V)o- We denote the positive root vector of go corresponding to 
root a by X a and the negative root vector (— 1)I Xq IJT| by Y a . It holds that X a x € kerDfc for every 
positive root a. 

Equation ([8]) implies that the action of □ on a certain weight vector is given by c + ^ Q Y a X a for a 
constant c depending on the weight of x. By definition of x, Ox = cx + y for y = ^ a Y a X a x £ kerD. 
Since x £ C fe (n, V)o it follows quickly that c = and therefore D 2 x = Ely = 0. 

Now the vector y = ^ Q Y a X a x = Ox is a highest weight vector in kerD, by the relation Xpy = 
OXpx — for every positive root /3, but y is also generated by negative root vectors. Therefore complete 
reducibility of kerD k implies that C fe (n, V) / kerDfc =0. □ 

As will be mentioned in the subsequent Lemma l4.10| in case d and d* are disjoint operators there is 
a jjo-isomorphism between iJ fe (n,V) and kerDfc. In the following lemma we prove a weaker statement 
without making the disjointness assumption. 

Lemma 4.9. //kerDfc is a completely reducible go-module, there is an injective Qo-module morphism 
from H k {n,Y) to kerD fc . 

Proof. Lemma H^] implies C fc (n,V) = kerD fc . There is a unique module A k consisting of all generalised 
eigenspaces with eigenvalue different from zero which satisfies C k (n, V) = ker Dfc A k . This implies that 

ker dfc = (ker 9jJ n ker D) (ker &l n A k ) and 
im5fc* +1 - (imdfc* +1 nkerD)©(imdfc* +1 nA fe ) 

as go-modules. 

The operator D is invertible on A k . Since D maps ker to im9^ +1 C ker 9^ and is an element of 
Z(q ) it follows that (ker 5^ n A k ) = (imo£ +1 n A k ) and 

H k {n,V) = (keidl n kerD) / (imd* k+1 n kerD) 

The fact that kerDfc is completely reducible then implies there is a go-module B k C kerDfc such that 
(kerS^ nkerD) = B k © (hri<9* +1 nkerD) and therefore H k (n,Y) ^ B k C kerDfc. □ 

The proof of this lemma can easily be adjusted to the case where C k (n, V)o is not necessarily completely 
reducible. This yields the following result. 

Corollary 4.1. Denote by C fc (n,V)o the generalised eigenspace ofO with eigenvalue zero. The cohomo- 
logy group H k (n, V) satisfies 

H k (n,Y) = (ker^nC fe (n,V)o)/(im^ +1 nC fc (n,V) ). 
4.4 Disjointness of the derivative and coderivative 

If d and d* are disjoint operators, i.e. d(d* f) — implies d* f = and the same holds for the roles of d 
and d* reversed, we obtain a harmonic theory. The disjointness property can also be expressed as 

ker d (~l im<9* = and ker d* n im<9 = 0. 

This property will be essential in the construction of BGG resolutions in Section [5j 

The following lemma follows immediately from the general theory in Proposition 2.1 in |Ko61j . 
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Lemma 4.10. If d and d* given in Definition ^. 1\ are disjoint operators, the following decomposition of 
Qo-modules holds: 

C k (n,W) = imd © kerD © im<9*, (9) 

with □ as defined in eguation l[7]). Moreover, it holds that ker d = im<9 © ker □, ker d* = ker □ © imd* and 
imO = im<9©im9* as g -submodules o/C fe (n, V). TTiis implies that the following g -module isomorphisms 
exist: 

H k (xi,W) £ kerD £ i? fc (n,V) 

wii/i H k (ri, V) = ker9^/imc^ +1 and -fffc(n, V) = ker9fc/im<9fc_i. TTie same results hold for 8, 8* and □ 
onC'(n,W). 

Lemma l4~6l already showed that in general H k (x\,Y) = (i?fc(n, V)) v holds, so in particular if d* and 9 
are disjoint the go-module H k (n,V) is its own twisted dual. 

An important result is that the disjointness of d and d* is equivalent with that of 8 and 8* , which we 
prove next. 

Proposition 4.1. The operators d and d* on C*(n, V) are disjoint if and only if the operators 8 and 8* 
on C*(n, V*) are disjoint. 

Proof. First we extend the antilinear bijection ipo : V — > V* from Lemma 13.51 to a bijection ipk '• 
C k {n, V) -> C fe (n, V*) iteratively by 

^ fc (*A/) = (-l)l*IIAYtAVfc_i(/), 

for X 6 n, / G C fc_1 (n, V) and \ the adjoint operation from Lemma T3.5I From this definition it follows 
by induction that ip k (A[f]) = -(-l) |A|l/ U t [V'fc(/)] holds for A E g and A[-} as defined in equation (@J 
for C (n, V) and equation © for C" (n, V* ) . 

Then we calculate, using Lemma 14.51 and the definition of ip k 

s* k oMXAf) = -(-i)Wmxt . _ (_i)ixii/iA-t a 5j_ x o v^-i(J). 

On the other hand we calculate, using Definition 14.11 and the commutation relation between tp k and 
0- action (which corresponds to the representations of p and p* on C*(n, V) and C*(n, V*) respectively 
when restricted) derived above that 

^io3^(IA/) = (-l)l x ^'lxt.^_ l(/) _ ( _ 1) l^ll/l x t AVfc-2°^_i(/). 

Together with <5 X o ipi(X ® u) = —"00 ° <9q(X ® u) this yields the conclusion that 8% o ip k = —ip k -i o 9^ 
holds by induction. 

Similarly one can calculate that ipk+i ° d k = —8k ° ^/>fc holds by observing that Lemma 13.41 implies 
that if the basis {£ a } of n has as dual basis {£f}, then the basis of n has as dual basis with 

respect to the Killing form in Lemma 13.31 

The statement follows immediately from these observations. □ 

In order to construct BGG resolutions in Section[S]we need the condition imd* Piker □ = 0. We prove 
that this consequence of the disjointness of d and d* (see Lemma 14. 10)) is in fact equivalent with this 
disjointness. 

Theorem 4.3. Denote by C*(n, V)o the generalised eigenspace o/D with eigenvalue zero. The following 
statements are equivalent 

(1) imd* n ker □ = (5) imd n ker □ = 

(2) im9*nC'(n,V) = (6) if.(n, V) £S C*(n, V) 

(3) C*(n,V) C ker 9* (7) d and d* are disjoint 

(4) lT(n,V) = C~(n,V) , 

where isomorphisms are isomorphisms of go-modules. The same statements hold for 8, 8* and □ on 
C"(n,W). 
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Proof. If (2) holds, (1) follows trivially. The other implication follows from the fact that if x G im<9* 
satisfies D l x = with n l ~ 1 x ^ 0, then \2 l ~ x x G im<9* n kerD, therefore im<9* n C"(n, V) ^ implies 
im<9* n ker □ ^ 0. 

Since □ G W(flo) and 9* is a go-module morphism any x G im<9* n C*(n, V)o is of the form 9*y with 
y G C*(n, V)o- This implies that (2) and (3) are equivalent. 

Corollary 14.11 shows that the combination of (2) and (3) is equivalent with (4). 

Next we prove that (2) is equivalent with imdOC (n, V)o = 0, from which the equivalences with (5) and 
(6) follow similarly to the first four. The operator □ is symmetric with respect to the non-degenerate con- 
travariant hermitian form (•, •) on C"(n,W) in Theorem 14. 11 therefore its different generalised eigenspaces 
are orthogonal with respect to each other. The form thus induces a non-degenerate form on C*(n,V)o- 
If / = d*fi G im<9* n C*(n,V)o different from zero, there is a g G C"(n, V)o such that (d*fi,g) ^ and 
therefore dg ^ 0, while <9<? G im<9 n C*(n, V)o- 

Finally Lemma 14.101 shows that (7) implies the other statements. The other direction can be proved 
as follows. Assume that (1) (and therefore also (5)) holds. By definition of the quabla operator, im<9* n 
ker d C kerD holds and therefore im<9* n ker d C im<9* n kerD = 0. Since the same holds for the roles of 
d and d* reversed, we obtain that (1) and (5) imply the disjointness of d and d* . □ 

Note that Theorem 14 . 31 implies that the disjointness of d and d* yields the property kerD = C*(n, V)o- 
Since the subsequent Theorem 15.11 states that proper BGG resolutions can only exist if H'(n,W) is 
completely reducible, the following corollary will be useful. 

Corollary 4.2. Assume the cohomology groups H*(n,W) are completely reducible Qo-modules. The 
operators 5 and S* are disjoint if and only if H*(n, W) = kerD. 

Proof. The disjointness of 5 and 6* always implies H*(n, W) = kerD, see Lemma T4. 101 

Now we assume that H'(n, W) is completely reducible and H'(ti, W) = ker □. Lemma l4TS1 then implies 
that kerD = C"(n,W) and therefore Theorem [4731 (4) O (7) can be applied. □ 

Finally we prove that, under the appropriate disjointness assumption and with the assumption that 
H'(n,W) is completely reducible (as is required in order to have BGG resolutions, see the subsequent 
Theorem 15. ip . the cohomology groups are easily characterised using the quadratic Casimir operator. 

Theorem 4.4. Assume that 6 and 6* are disjoint and H*(n,W\) is completely reducible as a go-module. 
Then the cohomology group H k (n,W\) is isomorphic to the direct sum of the Qo-submodules of C k (n,W\) 
which have a highest weight /i such that C2(Wa) = C2(W M ) with C2 the quadratic Casimir operator on g. 
Here W M is the (not necessarily finite dimensional) irreducible Q-module with highest weight \i. 

Proof. LemmaSnniand Theorem S3] imply that H k (n, W A ) = kerD fe = C fe (n, W A )o- 

Equation ([5J and the definition of 5 and 5* through the bilinear form in Definition 14.31 imply that 



holds for {Bp} a basis of go, where the commutator ^ a [£ a ,£i] is always an element of the Cartan 
subalgebra of g. The invariance of the Killing form implies that □ commutes with the action of go and 
therefore acts as a scalar on an irreducible go-submodule of A fc n <g> W A - 

Since C k (n, W A )o is completely reducible we only need to calculate the eigenvalue of □ on a highest 
weight vector of go in C fe (n, W A ) of weight /i and H k (n,W\) is isomorphic to the direct sum of the 
go-submodules of C fe (n, W A ) generated by highest weight vectors with eigenvalue zero. This can be 
calculated as in Proposition 5.6 and Theorem 5.7 in |Ko61j for Lie algebras, but we take a shortcut here. 

The element of U(q) given by — \ (C2(W A ) — C2) can be rewritten as 



□ 




(10) 
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Comparing this expression with □ yields the fact that the eigenvalue of □ on a go-highest weight vector 
of weight [i is identical to the eigenvalue of — | (C2(Wa) — C2) on a g- highest weight vector of weight /1. 
This concludes the proof. □ 



In the specific case go = gl( TO ) © where the extra condition on complete reducibility is not 

required (and the radical n is abelian), this was proved in Lemma 4.5 in |CZh04] . 

5 Construction of BGG resolutions 

We continue to use the same notations and conventions as in the previous section and the introduction. 
The goal of this section is to construct resolutions of finite dimensional irreducible modules of Lie su- 
peralgebras in terms of generalised Verma modules, as in equation @ for Lie algebras. First we prove 
in Theorem 15.11 and Corollary 15.11 that if such a resolution exists, it is essentially given by a resolution 
induced by the cohomology groups. This immediately yields complete reducibility of H'(n,W) as a 
necessary condition for BGG resolutions for W. 

Proposition 5.1. Consider a reductive Lie superalgebra g with semisimple part consisting of basic clas- 
sical Lie superalgebras with parabolic subalgebra p = go + It. // there are go-modules {Mj,j £ N} which 
are p-modules with trivial n-action, for which there is a resolution of the irreducible finite dimensional 
g-module W of the form 

...-). y Mk -> V Mk ^ 1 ->••••->■ V Ml V M ° ->• w ->• 

with V Mj = U(g) ®u(p) Mj, then H k (n,W) = Nk/Kk with Nk and Kk submodules of Mk, where Kk is 
also a quotient of Mk+i- 

Proof. This follows from the definition of Ext functors and is exactly the property that was used in 
BGG75] to derive Bott's result in |Bo57j . see also Theorem 6.6 in }Hu08j . It can also be proven directly 
as in Lemma 7.6 in |GLe76j . 

Verma modules are projective modules in the category of finitely generated n-modules, see Section 
2.2 in |We94j . Therefore the proposed resolution 

_^ m k yMk v"»fc-i yWi-i y vmi yMi .Too yM . > Q 

for certain g-module morphisms {mj} is a projective resolution and defines right derived functors of left 
exact contravariant functors, see Section 2.5 in [We94] . The functor Hoi%(- ,C) is such a functor and 
maps the resolutions above to the complex 

-4 Homn(V Mo ,C) Hom w (V Ml ,C) ^ >' pk - 1 Rom^(V Mk ,C) ^ k ■ ■ ■ 

after scratching Hom„-(W, C) and where the g -module morphisms {<pj} are induced from the g-module 
morphisms {mj} as (j>j(x) — x o mj for x S Hom- H -(V rM; ' , C). 

Then by definition, the derived functors of Homj(- ,C), which are denoted by Ex%(— ,C) for k > 1 
evaluated in W satisfy 

Ext|(W,C) = ker(0 fc )/im(0 fc _ 1 ), 

which is independent of the choice of projective resolution, see Lemma 2.4.1 in [We94 . Finally the 
proposition follows by 

Ext£(W,C) = Ex4(C,W*) = ff,t(n,W*) = {H^n, W))* , 

see Lemma [4.71 and Lemma [4.6[ and observing that Hom-n(V M ,C) = M* holds as go-modules for any 
flo-module M. □ 

This leads to the conclusion that any BGG resolution (resolution in terms of direct sums of Verma 
modules) must be in terms of the (co)homology groups. 
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Theorem 5.1. Consider a reductive Lie superalgebra q with semisimple part consisting of basic classical 
Lie superalgebras with parabolic subalgebra p = Qo + n. If there are completely reducible Qo-modules 
{Mj,j G N} which are p-modules with trivial n-action, for which there is a resolution of the irreducible 
finite dimensional g-module W of the form 

► V Mk ->■ V Mk ^ 1 -> > V Ml -)• V M ° -)• W -)• 0, 

then the cohomology groups H k (n,W) are completely reducible and subsequently H k (n,W) = Hk(n, W). 
Then W has a resolution of the form 

► V H k (nM) ^ yiT^n.W) ^H°(n,W) ^ W ^ Q. 

Proof. The complete reducibility of ii fe (n, W) follows immediately from the complete reducibility of Af^ by 
Proposition 15.11 The equivalence of the homology group and cohomology group then follow immediately 
from Lemma 14.61 since twisted dual representations of completely reducible representations are identical 
to the original representations. 

Now assume that iJ.(n,W) ^ M,. With notations of the proof of Proposition 15 . 1 1 this implies that at 
least one of the morphisms <f>j is not identically zero. This implies that im(mj) <£_ n ■ V M i~ l . Therefore 
there are isomorphic irreducible submodules of Mj and Mj_i, denoted by Sj and Sj-i respectively, such 
that the highest weight vector of V j is mapped to the highest weight vector of V by rrij. This 
implies that V s j has trivial intersection with the kernel of nij and V is in the image of nij. Since we 
considered a resolution of W this implies that V j has trivial intersection with the image of nij+x while 
ySj-i j s contained in the kernel of m,j—i. These two representations can therefore be removed from the 
resolution. By iterating this procedure we end up at a situation where tf>j = for all j G N and therefore 
#.(n,W) = M.. □ 

The resolutions in terms of direct sums of Verma modules in |Le77] possess the additional property 
that each no highest weight vector is inside the kernel of the morphisms. This is equivalent to the fact 
that the complex does not decompose as into a direct sum of complexes. We show that resolutions for 
basic classical Lie superalgebras in terms of modules induced by the cohomology groups automatically 
satisfy this property and moreover are singled out by this property. 



Corollary 5.1. Consider q, p — Qq + n as in Theorem \5.1\ If the irreducible finite dimensional Q-module 
W has a resolution in terms of direct sums of Verma modules, there is a resolution of the form 

► V H k (nM) _^ > yH^nM) _^ yH°(n,W) _^ w _^ Q 

This resolution does not decompose into a non-trivial direct sum of complexes and every resolution ofW 
with this property is of the form above. 



Proof. The procedure in the proof of Theorem 15 . II immediately implies that every resolution can be made 
smaller until it is of the proposed form. 

By Proposition 15.11 a resolution by modules induced by the cohomology groups can not be made 
smaller. □ 

We have obtained that any proper BGG resolution is given in terms of modules induced by the 
(co)homology groups. The purpose of the remainder of this section is to construct resolutions in terms 
of these homology groups. If the homology group is completely reducible this yields the only BGG 
resolution. If the homology group is not completely reducible, the obtained resolution is the closest one 
can get to a proper BGG resolution. 

Definition 5.1. For a p-module F, the coinduced g-module J"(F) is defined as a vector space by 

Hom u(p) (W(0),F) = {a G Rom(U(g),W)\a(UZ) = -(-l) |l/||z| Z (a(£f)) for Z G p and U G U(g)}. 

The action of q on J(¥) is defined as (Aa)(U) = -{-l)\ A W u \a(AU) for a G J(¥), A G fl and U G W(fl), 
which makes J(¥) a g-submodule of Hom(W(g),F). 
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We will need these spaces for the case F = C fc (n, V) and sub-modules and subquotients. Note that it 
is important to write the brackets, for instance, with Z £ p, U £ U(g) and a £ J (F), 

(Za)(U) = -(-l)^ u \a(ZU) is not the same as Z(a(U)) = -(-l) |z||c/| a([/Z). 

Since the operator d* is p-invariant, it immediately extends to a g-invariant operator J (C fe (n, V)) — >• 
J (C fe_1 (n, V)) which we denote by the same symbol. The operator d is not p-invariant, see Lemma 
but it can be modified to a g-invariant operator d : J (C fc (n, V)) — > J (C fc+1 (n, V)). This is the subject 
of the following theorem. This corresponds to constructing a morphism between the first jet extension 
of C fe (n, V) and C fc+1 (n, V), with scalar part equal to d. In the language of differential operators on 
parabolic geometries this first order operator is a twisted exterior derivative, as will be discussed in the 
Appendix. 

Theorem 5.2. The operators 

d* :j(C k (n,Y)) -> J (C* _1 (ti, V)) (d*a) (U) = d* (a(U)) 
d : J (C fe (n,V)) -> J (C fc+1 (n, V)) (da) (U) =d(a(U)) + £(-1)1^1^ A a<U&) 

a 

for a basis {£ Q } of n with dual basis {£f} of n with respect to the Killing form in Lemma \3.3l for 
a £ J (C fe (n, V)) and U £ U(g), with action of d and d* on C (tt,V) as defined in Definition \4-l\ are 
g-module morphisms. 

Proof. The operator d* : J (C fe (n, V)) ->■ Hom(ZY(g), C k ~ 1 (n, V)) is clearly a g-module morphism. It 
remains to be checked that im<9* C J (C fc_1 (n, V)). This follows from the fact that for Z £ p and 
U £ U(g) it holds that 

(d*a)(UZ) = d* (a{UZ)) = -{-\)WW z \gr (Z ■ a{U)) 
= -(-i)\u\\z\ z . g* ( a (uy } = _(_iyu\\z\ Z ■ ((d* a ) (U)) . 

The fact that the operator d : j(C k (n,V)) -> Horn (U(g), C k+1 (n, V)) is g-invariant is also trivial, 
it is the sum of two g-invariant operators acting between J (C fe (n, V)) and Hom(W(g), C k+1 (n, V)). We 
define the operator T as the second term in the definition of d, so d = d + T. 

We need to compute that the image of d is contained in J (C fe+1 (n, V)). It follows from Definition 
15.11 and the invariance of the Killing form that 

(Ta)(UZ) = £(-l)l*ll^ A [& Z] p ■ (a(U)) £(_l)Cie.l+l*l)W [ Z , A 

a a 

-2(-i)i^(ie.i+w)+i*iie.i € .AZ.(a(Erd)) 

a 

= E(- 1 ) |Z||C/ '^ A [& ' HU)) - (-l)MWz((Ta)(U)) 

a 

holds. Comparison with Lemma T4.3I then yields the proof. □ 

Note that ^(kerc^) is identical to the kernel of on j7"(C fe (n, V)) and likewise for the image. 
The operator d generates a coresolution of the module V in terms of coinduced modules. This is the 
subject of the following theorem. 

Theorem 5.3. The sequence 

-> V J(V) -^ d ° J(&% V)) -^ dl > dk J(C k+1 (n,Y)) ■ ■ ■ 

with e defined by (e(v)) (U) = S(U)v for U £ U(g) with S the principal anti- automorphism ofU(g) (the 
antipode as described in the Appendix) is a coresolution ofY. 
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Proof. It needs to be proven that the sequence is a complex, dk o dk-i — and moreover, that this 
complex is exact, kerdfc =imd/-_i. 

First we prove that ime = kercfo. From the definition of e(v) and Lemma l4.4l it follows that do(e(v)) = 
0. The relation ime = V is immediate. Now if a G i7(V) is in the kernel of do, then it follows quickly 
that a(UY) = -(-iy u ^Y(a(U)) for Yen. Together with Definition Q this implies that a(U A) = 
-(-l)\u\\A\A{a(U)) for all A e g or a(U) = S(U) (a(l)) for all U £ U(q), so kerd = V. 

The fact that dkodk-i = follows from a direct calculation using Lemma|4~l For a e J{C k - x (ia, V)) 
it holds that (dda)(U) = 

d(da(U)) +£(_l)Wie.l£ A (da)(U£) 

a 

= £(-1)1^10 (e„ a + £(-i) |c/|l ^a A 

a a 

+ ^(.ijl^Klt.l+lfoD+IC.IIftl^ A 6 A am tjt b) 

a, 6 

a, 6 a, 6 

which is zero by the invariance of the Killing form. 

Because of Theorem IA.1I in the Appendix the exactness can be reduced to the case where V = 0. 
Through the vector space isomorphism ^(A^n) = Hom(W(n), A fe n), obtained from the Poincare-Birkhoff- 
Witt property, the exactness of d corresponds to the exactness of its induced operator Hom(W(n), A fe n) — > 
Hom(W(n), A k+1 n). Theorem IA.2I shows that the homology of the operator d then becomes equivalent 
with that of the formal exterior derivative on a flat supermanifold. This is known to have trivial homology, 
see [BL81] . □ 

At this stage we need to point out that C k (n, V) has a gradation and corresponding finite filtration 
as a p-module. The gradation follows from giving each simple root vector in n degree one, the elements 
of go degree zero and the corresponding finite filtration of V. This gradation is naturally inherited by 
Hom(W(g), C fc (n, V)) where the gradation of a homomorphism is given by the gradation of its values. The 
corresponding filtration on J r (C fc (n, V)) is defined by restriction. It will be very useful for the sequel that 
the operators d* and d have degree zero, while the operator T raises the degree by one. The g-invariant 
extension of the Kostant quabla operator □ is given by 

□ = dd* +d*d = D + Td* + d*T : J (C* fc (n, V)) -> J (C k {n,Y)) 

Since the operator Dt = □ — □ = — Td* — d*T raises degree on Hom(U (q) , C fc (n, V)) it is nilpotent, this 
fact will be essential. Obviously also compositions of with operators of degree zero are nilpotent. 

Lemma 5.1. If the condition imd* (~l kerD = holds on C*(n, V), the operator □ is invertible on 
J (wad*). 

Proof. The operator □ on C*(n, V) can be restricted to im<9* since d* and □ commute. The condition 
im9* fl kerD = then implies that □ is invertible on im<9*. Similarly, the operator □ on J^(C'(ri, V)) 
can be restricted to im9* since d* and □ commute. The operator □ is then invertible as the sum of an 
invertible operator with a nilpotent operator. □ 

Definition 5.2. If the condition im<9* fl kerD = holds, the g-invariant operators n^- : J"(C fe (n, V)) —} 
J(C k {n,W)) are defined as 

LTfc = 1 — dk-i ° ° d'l — D -1 o d£ + i ° dk- 

This is well-defined by Lemma 15.11 We introduce the notation pk for the g-invariant projection 
jVkerc^) — > J(H k (n,W)) corresponding to the p-invariant projection kerc^ — > iJ fe (n, V) which we denote 
by the same symbol p^ . 
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The following properties of the operator IT in Definition 15.21 on J (C*(n, V)) are now straightforward 
to derive, see also Proposition 5.5 in [CaDOl . 

Lemma 5.2. The g-invariant operator H k : j7(C fc (n, V)) — > J(C k (jv 1 V)) satisfies 

(1) ^0^=0 = ^0^ (3) U k+1 od k = d k oU k 
(2) p k o Ii k = Pk on keid* k (4) IL 2 k = n fc . 

Lemma [5^21 (1) shows that life is in fact a g-module morphism from J{C k {xi 1 V)) to ^(kerc^), Lemma 
15.21 (1) also implies that when Tl k is restricted to a morphism from ^(kerc^) to ^(kerc^), this naturally 
descends to a morphism from J'(H k (xi,Y)) to J"(kerc^). This g-module morphism is denoted by 

L k : J(ff fc (n,V)) ^J(kerd* k ). 

It follows from lemma [5721 (2) that p k o L k = 1, so in particular L k is injective. 

Now we come to the definition of the operator that will be responsible for the desired coresolution of 

V. 

Definition 5.3. The g-invariant operator D k : J(H k (n,Y)) -> J(H k+1 (n, V)) is defined as 

D k = p k+ iod k oL k . 

From its definition and the fact that IL + i = L k+ \ o p k+1 , Lemma 15.21 (3) and (4), it follows that 
L k+ i o D k = d k o L k holds. 

Using the defined operators it is now possible to construct a smaller coresolution of V out of the 
coresolution in Theorem 15 . 31 that corresponds to the infinitesimal version of the classical dual BGG 
sequences, mentioned in Section [2j 

Theorem 5.4. If the condition had* kerD = holds on C*(n, V), the sequence 

-> V -^ e ' J(H°(xi,V)) -+ D ° JiH 1 ^, V)) -^ Dl > Dk J (H k+1 (n,Y)) -^ Dk+1 

with e' = po o e for 

Po : J(V) = kcrd * -> ker^/im^* = J (H°% V)) 
and e given in Theorem \5.3l is exact. 
Proof. First we prove that this forms a complex, 

-Dfc+i ° D k = p k+2 o o L fc+1 o p fe +i o d k o L k = p k+2 o d fc+1 o n fe+ i o d k o L fc 
= o dfc+i o d fc oU k o L k = p k+2 o d fc+1 o d fc o L fc = 0, 

where we have used Lemma 15.21 consecutively and Theorem 15.31 The fact Dq o e' = follows similarly. 

Now we prove the exactness of the complex. The fact that ime' = kcr Dq follows from the property 
that e' is injective (since V is irreducible) and the fact that Lo maps the kernel of Dq injectively into the 
kernel of do which is isomorphic to V, see Theorem 15.31 

We consider an / G J(H k+1 (n, V)) that satisfies D k+1 f = 0. Since i/c+2 ° -Dfc+i — dfe+i ° ifc+i it 
follows that L k+ i(f) — d k g for some g G J(C k (ri,Y)), by Theorem [O] 

Define = g — d k -i ° ° d k (g), then L k+ i(f) = d k g = d k g' and 

«) = 92 (ff) - <9fe ° 4-1 o D- 1 o dl(g) = 0, 

so G J"(ker9*). Since d^g' = L k+ i(f), d k g' is also inside ^(kerd*) by Lemma [531 (I ). We can then 
prove that the relation g' — L k o p k (g') holds as follows. The element g' — L k ° p k (g') of J{keid*) is 
inside J"(im<9*) since its projection onto J(H k {n : V)) is zero by the relation p k o L k — I. Because □ is 
invertible on im<9* by Lemma 14.101 we can prove g' — L k op k (g') — by calculating 

D(g' - L kPk (g')) = (d*d k - d*T k )(g' - L kPk (g')) 

= d*L k+ i(f) - d*L k+1 D kPk (g') - d*T k (g' - L kPk {g')) 
= -d*T k {g'-L k op k (g')), 
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since d*Lk+i — holds. 

The operator □ is of degree zero while its action above strictly raises the degree, since this operator 
acts invertible this shows that g' — L k ° Pk{g') holds. 

Therefore we obtain that if D k+X f = holds for / G J(H k+1 (n, V)), then L k+1 (f) = L k+1 oD k op k (g') 
holds. Since L k+ \ is injective, it follows that / G \TnD k and the theorem is proven. □ 

In the following central theorem we use the notation V ¥ = U(g) <%>u<p) F for any such g-module induced 
from a p-module F. We only use the terminology (generalised) Verma module in case F is irreducible. 
If F is completely reducible V ¥ corresponds to the direct sum of Verma modules. If F is an irreducible 
go-representation, in this context it is silently assumed to be a p-module with trivial action of n. 

Theorem 5.5. Consider a reductive Lie superalgebra g with semisimple part consisting of basic classical 
Lie superalgebras with irreducible finite dimensional representation W and parabolic subalgebra p — go + n. 
If the operators S and S* on C*(n, W) of Lemma \4-.5\ are disjoint, the module W has a resolution in terms 
of induced modules 

> y-fffe(n,W) > yffi(n.W) _^ yH (n,W) ^ W ^ 

with homology group H k (n,W) = ker<5fc/imi5/£-i. If the go-modules H k (n,W) are completely reducible, 
this is a resolutions in terms of generalised Verma modules. 

Proof. First we show that there exists a non-degenerate bilinear g-invariant pairing between 

V ¥ * = U(g) ®u (p) ¥* and J(¥) = Hom w(p) (Z%),F) 

for any p-module F. This pairing is induced by the g-invariant pairing between U(g)®¥* and Hom(£Y(g), F) 
given by 

{U®a,<f) = (-l) |c/||a| aO(£f)) for U G U(q), a G F* and <f> G Hom(W(fl),F). 

This pairing is clearly non-degenerate and in this context g-invariant means (Au, </>) = — (— l)'" 4 "™^, A(j>) 
for A G g, u E U{q) (g> F* and <f) £ Hom(U(g),¥). Now we restrict the pairing to the submodule 
i7(F) C Hom(W(g),F) in Definition 15.11 Since the invariance of the bilinear form implies that the 
elements in the submodule K C U(g) ® F* such that U{g) ®u(p) ^* = (^(fl) ® F*) /K are orthogonal on 
J{¥), the pairing then descends to V ¥ x J{¥). By construction, for each element of J{¥) there is an 
element of V ¥ which gives a non-zero pairing. The other way can be proved from the restriction of the 
original pairing to the subspaces U(ri) <S> ¥* and Hom(W(n), F). 

From this non-degenerate pairing it follows that if two subspaces of V ¥ have the same space of 
orthogonal vectors inside J7"(F) they must coincide. 

Because of Proposition 14. II and Theorem l4.3l we can apply Theorem 15.41 for V = W*. The g-invariant 
operators 

D* k : V Hk( " yr -> v Hk ~ 1{ "' Y) " 

defined by (D^u, <f>) — (u, D k (f) with D k the operator from Definition 15.31 and Theorem 15 .41 for all 
u G Y H ^ n,v - ) and <f> G J(H k (n,Y)) then form an exact complex by the considerations above. 

The proof then follows from the identification Hj(n, W) = (fP(n, V)) in Lemma f4~6l □ 

Now we restrict to the case where H* (n, W) is completely reducible, which is a necessary condition 
in order to have BGG resolutions, according to Theorem 15. II 

Corollary 5.2. Consider a reductive Lie superalgebra g with semisimple part consisting of basic classical 
Lie superalgebras with irreducible finite dimensional representation^ and parabolic subalgebra p = g +n. 
If the go-module H'(n, W) is completely reducible and is isomorphic to kerd, then W can be resolved in 
terms of Verma modules and the resolution is of the form 

► yff*(n,W) _j. > yfi'fn.W) _^ yH°(n,W) _^ W ^ Q. 
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Proof. Corollary 14.21 implies that Theorem 15.51 can be applied. Lemma 14.61 implies that if. (n,W) = 
if" (n,W), therefore the exact complex of Theorem 15.51 is a resolution in terms of generalised Verma 
modules. □ 



Contrary to the classical case in IK l( 17">l ILe77] , the resolution is not finite since the homolgy groups 
do not necessarily vanish (because there is no top exterior power for super vector spaces). For g[(m\n), 
the method of super-duality g[(m|n) c — > gl(m|oo) O gl(m + oo) gives a nice interpretation of this infinite 
behavior by identifying the weights of these highest weight vectors in if 7 (n, W) with orbits of the parabolic 
Weyl group of the Lie algebra gl(m + oo), see e.g. |CKL08j . If one ignores the superduality and only 
looks at the Lie superalgebra gl(m\n), the highest weights come from both reflections of the parabolic 
Weyl group of g or g^ as well as from so-called odd reflections, this also appears in the explicit example 
for osp(m\2n) in the subsequent Theorem 1 7. 2 1 

If a module has a BGG resolution, then the corresponding Verma module has the property that its 
maximal submodule is generated by highest weight vectors, see also Corollary 5.2 in |CKL08) . Since it 
only requires part of the BGG resolution we can formulate it more broadly. 

Corollary 5.3. Consider a reductive Lie superalgebra g with semisimple part consisting of basic classical 
Lie super algebras, an irreducible finite dimensional representation W and a parabolic subalgebra p = go+n. 
If hn<5* H ker □ = holds for j £ {1, 2, • • • ,p}, then there is an exact complex of the form 

yH p (n,W) _^ > yHr(n,Vi) yH (n,W) ^ W ^ 

where if, (n, W) = ker Qf for j 6 {0, • • • ,p — 1}. 

Define M(A) as the irreducible go-module with highest weight X which is a p-module with trivial n- 
action. If imSl (~l ker □ = holds, which is identical to 

(n-W A )nker ^(-lj'k'f&J =0 

on Wa and if Hi(n, W A ) is completely reducible as a go-module, the unique maximal submodule of the 
generalised Verma module 

yM{X) = U {fi) »uip) M(X) 

is generated by highest weight vectors in V M ^ . 

Proof. We start from the exact complex, provided by Theorem 15.31 

-> W A -> c J(W A ) -> do JiC 1 {n,W* x )) -^ dl J{C P (n, W A )). 

The proof of Proposition 14.11 shows that the equivalence of the disjointness of the operators on C* (n, V) 
and C*(n, V*) also follows from one another if they are restricted to act inside ®^ =0 C k (n, V) and 

®k=o Ck ( n >V*)- These results can then be used t0 define L j : J{H J (n,W* x )) -> J(kerd*) for j < p 
as underneath Lemma 15.21 which leads to an exact complex as in Theorem 15.41 

0^ W A ^ J(H°(xi,W* x )) -^ D ° J{H x {n, W A )) -^ Dl > Dp - 1 J(H p (n,W* x )). 

As in the proof of Theorem 15.51 this leads through dualization to the exact complex 

yH p (nM x ) _^ > yHifaWJ _^ yH (n,W x ) ^ Wa ^ Q. 

The ideas in the proof of Theorem 14.31 Theorem 15.51 and the result in Corollary 14.11 then show that 
for j < p, Hj(n, W) = ker 0; H j (n,W) holds. 

The second part of the corollary follows from the first one with p = 1 and the observation that 
M (A) S if°(n, W A ) follows from the fact W A = ff°(n,W A ) © inu5{. This implies that W A ~ V M( -^/N 
with N a subquotient of v Hl ^- n ' Wx \ which is always a module generated by highest weight vectors if 
ifi(n, Wa) is completely reducible. □ 
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In Example 5.1 in [CKL08 it was proved that for g = g[(l|2) and go — i) the Cartan subalgebra, 
the natural representation C 1 ' 2 does not have a resolution in terms of generalised Verma modules. This 
follows from the fact that the Verma module with highest weight the highest weight of C 1 ' 2 does not 
satisfy the property that its maximal submodule is generated by highest weight vectors. The combination 
of Corollary 15.31 with Theorem 14.31 shows that for this case H°(n,C 112 ) ^kerDo, since all modules are f)- 
completely reducible. This is confirmed by the following example, which follows from a quick calculation. 

Example 5.1. For g = gl(m\n), g = f) andW = C m l" 

Jf°(n,W) ^kerDo 

holds if and only if m > n. 

Finally we provide an example where the derivative and coderivative are not disjoint but where there 
exist BGG resolutions, showing that the sufficient condition obtained in Corollarv l5.2l is not a necessary 
condition. 

Example 5.2. For g = osp(l|2) and p = b the standard Borel every finite dimensional module W has a 
resolution in terms of generalised Verma modules, while in general kerD ^ H'(n, W). 

The resolution can be derived from the very simple structure of Verma modules of osp(l|2) and is of 
the form 

-> V'^ 1 -> V x -> W A -> 

for A 6 N. The fact kerD ^ H'(n,W) follows easily from considering H 1 (n, W), which is given by the 
product of the odd negative root vector of osp(l|2) and the lowest root vector of W. This shows that the 
product of the even negative root vector and the odd positive odd root vector acting on the lowest root 
vector is also inside kerDi. 

6 Type I Lie superalgebras and star representations 

In this section we prove that there is an extensive class of representations and parabolic subalgebras of 
gl(m\n) and osp(2|2n) that satisfy the sufficient conditions in Corollarv l5.2l to construct BGG resolutions. 
This is done by studying their star representations (unitarisable representations), see Section [31 The only 
basic classical Lie superalgebras (excluding Lie algebras) which have finite dimensional star representa- 
tions are sl(m\n) (psi(n\n) if m = n) and osp(2|2n), see [SNR771 IVdJ85j . these two are the ones of type 
/, the others are of type //, see IKa77| . In |GZh90] and |ZhG90| all unitarisable representations of these 
algebras were classified. 

First we prove the following sufficient condition for disjointness of the derivative and coderivative. 

Theorem 6.1. Consider g a reductive Lie superalgebra with semisimple part consisting of basic classical 
Lie superlagebras of type I, with parabolic subalgebra p = go + n an d finite dimensional irreducible rep- 
resentation W, which is a star representation with adjoint operation t. If a basis {£ a } of n satisfies the 
property that £j = (— 1)^*'£| with the dual basis of n with respect to a normalisation of the Killing 
form in Lemma \3.!A then the operators S and 5* are disjoint and the g^-module H m (n,W) is completely 
reducible. 

Proof. Because of the assumed correspondence between the adjoint operation and the Killing form, the 
hermitian form on n in the proof of Theorem 14. II is definite, since for a basis {£ a } of n it holds that 

Since W is a star representation for f, the contravariant hermitian form on W from Theorem 14. II is also 
positive definite. Therefore, the inner product (•, •) on C*(n, W) from Theorem 14. 11 for which 8 and —6* 
are adjoint operators, is positive definite. Because of this property it follows immediately that 5 and S* 
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are disjoint, since the relation (55* f, f) = —(5*f, 5* f) proves that 55* f = implies 5* f — and similarly 
for the roles of 5* and 5 reversed. 

Since the root systems of the basic classical Lie superalgebras of type I are multiplicity free, the 
adjoint operation can be restricted to an adjoint operation on go- This implies that C k (n, V) are star 
representations for go- Therefore C k (n, V) is a completely reducible go-module, so in particular H k (n, V) 
is. □ 

Now we will use this result to directly construct a class of BGG sequences for g[(m|n), which extends 
the ones that were obtained in Remark 5.14 in [CLIO] (from tensor modules to general star representa- 
tions) through the equivalence of categories related to super duality. Working with Q\(m\n) or its simple 
subalgebra s\(m\n) makes no difference here. 

The natural module C" 1 '™ of g[(m|n) or sl(m\n) is a star representation, see |GZh 90 . Therefore all 
its tensor powers are completely reducible, in fact the complete reducibility was already established in 
BcR87 before the unitarisability was observed. All irreducible modules appearing as submodules of 
these tensor powers are called tensor modules. The highest weights of these modules are easily described 
in terms of Hook Young diagrams, see |BeR87] ■ Since the exterior powers do not have a top form for 
£m\n m0( jule (C m '")* does not appear as a tensor module contrary to the classical case. This module 
also corresponds to a star representation but with different adjoint operation of gl(m\n), see Proposition 
13.21 All duals of tensor modules appear as submodules of the tensor powers of (C m '™) . 

These two types of star- representations are included in two strictly larger classes of star-representations 
of g[(m|n) (corresponding to these two adjoint operations) which together constitute all star representa- 
tions of gl(m|n). In GZh90 the explicit condition on the highest weight of an irreducible representation 
of Q[(m\n) to constitute a unitarisable representation was derived. We call these two classes the star 
representations of type (1) (which include the tensor modules) and type (2) respectively, corresponding 
to the terminology in [GZh90 . 

Theorem 6.2. For g = g[(m|n) with a parabolic subalgebra p, the Q-module V can be resolved in terms 
of direct sums of p-Verma modules if 

• V is a star representation of type (1) and p contains gl(n) 

• V is a star representation of type (2) and p contains gl(rn). 

The explicit form of the resolution is given in Corollary \5.1l with completely reducible cohomology groups 
H k (n, V) as described in Theorem \4-4\ 

Proof. First we prove that the requirements in Theorem 16.11 are met. It suffices to prove this for one 
star representation of type (1) and one of type (2) (which we take as C m ' 2n and (C m ' 2 ™) ), since the 
conditions in Theorem 16.11 only depend on the adjoint operation. 

The easiest realization of the g[(m|n)-representation on C m '" is as m commuting variables and n 
anti-commuting ones. These are denoted by {xj\j — 1, • • • , m + n} and satisfy commutation relations 

XiXj — (— l)^^XjXi with [k] — (respectively 1) if k < m (respectively k > m). 

The corresponding partial derivatives are then defined by the Leibniz rule d Xi Xj = 5ij + (— l)^^Xjd Xi . 
The differential operators {xid Xj \i, j = 1, • ■ • , m + n} generate a Lie superalgebra isomorphic to g[(m|n) 
for the Lie bracket given by the super commutator. The inner product on C m '™ is given by (xi, xj) = 5ij, 
which implies C m ' n is a star representation with adjoint operation 

(xidxj^j — Xjd Xi . 
The normalized Killing form on g[(m|n) is given by 

(x k d Xn Xid X] ) = C(~l) [k] 5 kj 5 u 

for arbitrary Xkd Xl and Xid Xj and some constant C, which leads to (xi,d Xa )^ = — Xbd Xa . 
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The Borel subalgebra of g\(m\n) is spanned by {xid Xj \i < j}. Saying that a parabolic subalgebra p 
contains gl(n) is equivalent to saying that its radical n is contained in the subalgebra N = {xid Xj \i < 
j, i < m} C Ql(m\n). 

It then follows that for C = 1, it holds that (x a d Xh )^ = (-l)W+[ f, l {x a d Xb ) x for x a d Xb G N. Theorem 
16.11 therefore implies that 5 and S* are disjoint operators for the considered cases, which implies that 
Theorem 15.51 can be applied. 

The reasoning for V = (C m '™)* is similar. The adjoint operation on g[(m|n) is given by (xid x A — 
(—iy % ]+v\xjd Xf , see Proposition I3.2[ so normalization C = — 1 has to be chosen for the Killing form. □ 

In particular if we take V to be a tensor module and p the parabolic subalgebra with reductive 
subalgebra g^ = gl(m) © &l(n), so n = C°' m ™, the necessary requirements are met. This corresponds to 
the main result in [CKL08 . The case when V is a tensor module and p contains gl(n) can be derived 
from the equivalence of categories corresponding to the super duality 

Ql(m\n) gl(m|oo) -f-> gl(m + oo) 

as is stated in Remark 5.14 in [CLIO] . 

We also note that in case g = sl(4|n) and g = so(4) ffisl(n) © Cj with 3 = diag(N, N, N, N, 4, • • ■ ,4), 
the structure corresponds to a complexification of the notion of super conformal geometry for which 
invariant differential operators and corresponding Verma module morphisms have been thoroughly inves- 
tigated in |DoP87j . In particular in DoP85j the multiplets of generalised Verma modules were classified. 
The Verma modules appearing in one BGG resolution must be contained inside one multiplet. 

Also the Lie superalgebra osp(2|2n) has two types of star representations, see |SNR77j . which have 
been classified in |ZhG90j . These lead again to two classes for which we can construct BGG resolutions. 
Since the proof of this is so similar to the reasoning leading to Theorem 16.21 we omit it. 

Theorem 6.3. For g = osp(2|2n) with a parabolic subalgebra p, the Q-module V can be resolved in terms 
of direct sums of p- Verma modules if 

• V is a star representation of type (1) and p contains sp(2n) 

• V is a star representation of type (2) . 

The explicit form of the resolution is given in Corollary 15. 11 with completely reducible cohomology groups 
H (n, V) as described in Theorem \4-4\ 

Note that for osp(2|2) = st(l|2), this theorem agrees with Theorem 16.21 

7 Orthosymplectic superalgebras and partial BGG resolutions 

In this section we derive a simple criterion with weaker assumptions than Theorem 16.11 which ensures 
the existence of BGG resolutions. In particular we derive some specific examples of BGG resolutions 
for osp(m|2n). For some applications, see |CoSS121 IEa05j . only the last part of the BGG resolutions is 
required. We also focus on this feature for 0Sp(m\2n). 

Theorem 7.1. Consider a reductive Lie superalgebra g with semisimple part consisting of basic classical 
Lie superalgebras, with parabolic subalgebra p = go + n and a finite dimensional irreducible representation 
W. If for each k < p it holds that kerD^ is completely reducible and 

[kerD fe _i : M][kerD fe : M] < 1 

for all irreducible go-modules M, then there are exact complexes of the form 

-> W* J(F°(n,W*)) ^ Do J(H l % W*)) -^ Dl > D *- 1 J{H p (n,W*)) and 

yH p (n,W) _^ y yffi(n,W) _^ yH„(n,W) ^ W ^ Q 
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where are the (co)homology groups with Hf.(n, W) = H k (n,W) are completely reducible for k < p and 
isomorphic to kerdfc for k < p and H p (n,W) is a quotient o/kerdp. In particular if p = oo then 
W has a resolution in terms of direct sums of generalised Verma modules, given in Theorem 15.51 with 
H,(n,W) = ff*(n,W) = kern.. 

Proof. We focus on the case p = oo, the case pg N can be proven similarly by using Corollarv l5 . 31 instead 
of Theorem [53] The generalised zero eigenspace C*(n, W)o is equal to kerD, see Lemma l4~8l 

Since the operators 8 and 5* commute with □ they act inside kerD = C*(n, W)o C C*(n, W) and do 
not mix up different generalised eigenspaces. We will prove that 8 and 8* are disjoint operators when 
restricted to kerD. Lemma [4.101 applied to the space kerD C C*(n, W) then immediately implies that 
they are both identically zero on kerD. 

Since □ is symmetric with respect to the contravariant hermitian form in Theorem 14.11 different 
generalised eigenspaces of □ are orthogonal with respect to each other, the form is non-degenerate on 
kerD. The operators 5 and 8* are both go-module morphism, so by the assumption on the multiplicities 
of kerD, their image always consists of representations which appear with multiplicity one inside kerD. 
Since non-isomorphic representations are orthogonal with respect to each other it then follows that the 
image of 8 and 8* in ker □ are non-degenerate subspaces. 

Therefore, for 8* f 6 kerD different from zero, there is an 8*g G kerD such that (8*f, 8*g) ^ 0. Since 
—8 and 8* are adjoint operators, this implies 88* f ^ 0. The disjointness of 8 and 8* follows from this 
and therefore they are both identically zero on kerD. 

The existence of a resolution in terms of modules induced by the homology groups then follows from 
Theorem 15.51 and Theorem 14.31 implies that the homology groups are completely reducible, so this is a 
resolution in terms of generalised Verma modules. □ 

With notations as in Col3al [Zh08| we consider the positive root system of osp(m\2n) corresponding 
to the positive simple roots 




ei - £2, • • • ,e<2-i - edjCd - Si,5i - $2, • • • ,S n -i - S n , < (11) 



This positive root system has been used in e.g. jCo!3al [Col3bl [CoSS12, Zh08}. A finite dimensional 
irreducible representation, which has highest weight A with respect to this choice, will be denoted by 

A A 

We choose the maximal parabolic subalgebra that corresponds to the first node ei — £2- This implies 
that we must assume m > 4. For convenience we also assume n > 1. This is the parabolic subalgebra 
considered in |CoSS12UZh08j . In particular, it is clear from CoSS12 that a real form of this construction 
corresponds to a form of superconformal geometry, alternative to the one in [Do P87j . 

The simple subalgebra corresponding to all simple roots in equation (jTTJ) except the first one, is 
isomorphic to osp(m — 2\2n). The reductive subalgebra go which is the direct sum of osp(m — 2|2n) with 
the element of the Cartan subalgebra of osp(m\2n) corresponding to the first root is denoted by 

cosp(m - 2\2n) = C osp(m - 2\2n) = {H ei _ e2 } © osp(m - 2|2n). 

Since, in order to describe A fc n, it is more convenient to work in the standard positive root system of 
[Ka77j . we also introduce the following set of positive simple roots for osp(m — 2|2n): 



Si - 8 2 , ■ ■ ■ ,8 n -i - 8 n ,8 n — e 2 ,e 2 - e 3 , • • • ,ed-i — e<j, s „, (12) 




With respect to this positive root system an irreducible highest weight representation with highest weight 
A is denoted by L™ 2 ' 2n . How the highest weight of a representations changes when the choice of positive 
root system is changed from the standard one above to one of the form in equation (jll[) is summarized 
in Theorem 3 in |Col3aj . 
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Theorem 7.2. Consider g = osp(m|2n) and go = tosp(m — 2|2n), so n = C m 2 ' 2 ". The natural 
representation C m ' 2 ™ = K"^ 2n has a resolution in terms of generalised Verma modules if m — 2n < 1. 
The explicit form of the resolution is given by 

yM(-(d+j)e 1 +2£ 2 +e 3 + ---+£ ci + (j + l)<5 1 ) . . , _^ yAf(-(d+l)ei+2e 2 +e 3 +-+e ( i+2« 1 ) _^ 
yM(-dei+2e 2 +e 3 4—+ed+«i) _^ yM (-(d-l)ei+2e a +e 3 +-+£d) . . . yAf(-(d-t)ei+2e2+es+-+e<i+i-<) 
yA/(-2£i+2e 2 +€3) _^ yM(-ei+2e 2 ) _^ yM(ei) _j_ j^m\2n _^ q 

im'i/l d = [m/2\ and with M(A) i/ie cosp(m — 2\2n)-module with highest weight A which is a p-module 
with trivial n-action. 

Proof. The natural representation C m ' 2n = if™' 2 ™ clearly decomposes a an osp(m — 2|2n)-module as 

l , see also Theorem 6.2 in |Col3bj . As a go = cosp(m — 2|2n)-module the 

decomposition is given by 

R ?n\2n s M(ei) ffi M(e2 ) e M(-ei). 
a ii — • -i ' , n ,r / \ o* r m — 2\2n T ^m — 2|2n i T m — 2\2n ~, r ^m — 2\2n 

As a go-module, n is isomorphic to M(— ei + e 2 ). bmce L fe<5 = A Kfc and L fc(5 A = A P(c 
with 



K/, 



e 2 H h £fe+i if fc + 1 < = |m/2j 

62 H h e d + (fc - d+ l)8i tfk>d, 

'2e 2 + e 3 + --- + e fc+ i if fc + 1 < d = [m/2\ 

2e 2 + e 3 H h e d + (k - d + l)<Si if fc > d, 



see Theorem 3 in |Col3aj , it follows from Lemma 17.11 that 

C k (n,K^ 2n ) = M(-ke 1 +K k )®{M(e 1 )®M(e 2 )®M{-ei)) 

= M((l - fc)ei + n k ) © M(-(l + fc)e a + n k ) © M(-fce a + K fc +i) 
©M(-fcei + Mfe) © M{-ke x + « k _i) 

as go-representations. In particular C fe (n, if™' 2 ™) is completely reducible and multiplicity free for every 
fc 6 N, therefore Theorem 17.11 states that the BGG resolution exists and Corollary 15.11 determines the 
form of the resolution. 

In order to calculate the cohomology groups H k (n, if™' 2 ™) we apply Theorem 14.41 We consider the 
case to = 2d, with the case m = 2d + 1 being very similar. The eigenvalues of the quadratic Casimir 
operator of osp(m|2n) can be calculated as in |JG79j . Half the sum of positive even roots minus half the 
sum of positive odd roots for the root system in equation (|11[) is given by 

d n 

p = — n — j)ej + y^(l + n — i)Si. 

3=1 i=i 

The eigenvalue on a highest weight vector with weight A are given by (A + 2p, A) with (•, •) defined by 
(cj,ek) — Sjk, (ej,8i) = and (5i,5i) — —8u- Then it follows that with M = 2d — 2n (which is zero or 
negative by assumption), 

C2(K™% i+ J = M - 1 - 2k C 2 (K^l k)ei+ J = 2k + 3~M 

C 2 (K^ +Kk J = M 3 C 2 (K^ k ) = M —1 
C2{K m t n 1+Kk J = 2fc - M + 1 C 2 (if ™l 2 ") = M - 1, 

for C 2 the quadratic Casimir operator of osp(m|2n). This implies that if fe (n, if™' 2 ™) = M{— kei+fik)- d 
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Corollary 7.1. With notations as in Theorem ] 7. £| and for m—2n < 1 it holds that Ho(n, if™' 2 ™) = M(e±), 

H k (n,K™J 2n ) = M(-fcei + 2e 2 + e 3 + • • • + e*+i) /or k = 1, ■ • • , d - 1 and 
H d+l (n,K^ 2n ) = M(-dei + 2e 2 + e 3 + • • • + e d + (t + 1)^) /or i > 

and H k (n,K ei l ) = H k {n 1 K^ ). 

Lemma 7.1. XTie natural representation <£ m - 2 \ 2n of osp(m — 2\2n) is isomorphic to 2 I 2 ™^ where the 
highest weight vector is assumed to be odd. If m — 2n < I, this representation satisfies the property that 

A fcr m— 2|2n ^ j-m — 2\2n 
A L S 1 = L k5 1 

and 

j-m — 2\2n j-m — 2\2n ^ j-m — 2\2n j-m — 2\2n j-m — 2\2n 

L kS 1 ( $ L 8 1 = L (k+l)S l ® L k5 1 +8 2 © L {k-l)S l - 

Proof. We start by proving the second property. Since L 1 ^ 2 ' 2 " is multiplicity free in its weights, the 

only possible weights of highest weight vectors in L^ -2 ' 2 " ® L^™ -2 ' 2 ™, (k + l)5i, feo"i + 02, k5i (if m is 
odd) and (k — 1)8\, can each appear only once. It is easily checked directly that k8\ can never appear, 
while the other three always appear. 

Next we prove that under the stated conditions, the eigenvalues of the quadratic Casimir operator of 
osp(m — 2\2n) on such highest weight vectors are strictly different. These eigenvalues can be calculated 
as in |JG79j . The half sum of positive even roots minus the half sum of positive odd roots for the positive 
root system in equation (|12p is given by 

d n 

p = E(y - J>j + E( 2 + n - y - 

3=2 i=l 

With introduction of the constant M = m — 2n, the three eigenvalues then follow again by the formula 
(A, A + 2p), which yields minus 

k 2 + fc(4- M) + 3- M, k 2 + k(2 - M) + 1 - M and k 2 - kM + M - 1. 

These are strictly different if k > and M < 1. Corollary 1 in [Col3aj then allows to conclude the 
decomposition. 

The first statement follows by induction, by looking at the totally super skew part in (g^L^™ -2 ' 2 ™ 
using the second statement. □ 

Theorem l 7 . 1 1 allows to conclude the following statement from the calculations in the proofs of Theorem 
1731 and Lemma 17TT1 

Corollary 7.2. Consider q = osp(m|2n) and Qq = cosp(m — 2|2n), with choice of positive simple roots as 
in equation The maximal submodule of the generalised Verma module V M ^ ei ' with highest weight 

E\ is generated by a highest weight vector of weight —e\ + e 2 if m — 2n 2. 

Another interesting case for osp(m|2n) is the adjoint representation, which is self-dual, 

V = o 5 p(m\2n) = L n 2 f n = K^Z = V*, 

and its Cartan powers, see CoSSl2 . In order to study the algebra of symmetries of the superconformal 
Laplace operator (see |Col3bl ICoDSlll ICoSS121 IZh08| ) as an intertwining operator in Section 7 in 
|CoSS12j . the first part of the BGG sequence in Theorem EU is needed for V = L™' 2 ™ = i^l+U = v *- 
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Theorem 7.3. Consider q = osp(m|2n) and go = cosp(m — 2|2n), with choice of positive simple roots as 
in equation (|lll) for m — In ^ 2. The maximal submodule of the generalised Verma module with highest 
weight e\ + e 2 \/ M ( £ i+ £ 2) j s generated by a highest weight vector of weight and there is an exact complex 

-> iCXl -> «7(M( ei + e 2 )) J(M(2e 2 )) 

/or some operator Q-invariant operator Dq, which implies K™^™ 2 = ker(Do). 

Proof. In this proof we assume m > 8, only some unimportant notations of highest weights change when 
we would consider 4 < m < 7. The decomposition of osp(m\2n) — n © go © n as a go = cosp(m — 2|2n)- 
module is given by 

K m\2n ^ Af(-e 1 + e 2 )©(Af(0)©M(e 2 + e 3 ))©Af(e 1 + e 2 ). 
Then it follows from Lemma 3.2 in CoSS12 that if m ^ 2 + 2n 

C^n^K™^) = M(-2ei + 2e 2 ) © M(-2ei + e 2 + e 3 ) © M(-2e x ) © M(-e x + e 2 ) © M(2e 2 ) 
©M(e 2 + e 3 ) © M(0) © (M (-e x + e 2 ) © M (e 2 + e 3 )) . 

When regarded as an osp(m — 2|2n)-representation, the property 

M(-e 1 + e2 )®M(e 2 + e 3 ) = i™- 2|2n © L™7 2|2n 

holds. As in the proof of Lemma l7TT| it follows that the three highest weight vectors in the tensor product 
above have weight 3<5i, 2S\ + <5 2 and S±. The corresponding eigenvalues of the quadratic Casimir operator 
of osp(m — 2|2n) are given by 

15 - 3M, 9 - 3M and 3 - M 

with M = m — 2n, which are two-by-two different if M 7^ 3. Therefore if M 7^ 3 it follows from Corollary 
1 in |Col3aj that 

M(-ei + e 2 ) © M(e 2 + e 3 ) = M (-ei + 2e 2 + e 3 ) © M (-ex + e 2 + e 3 + e 4 ) © M (-ex + e 2 ). 

Thus C 1 (n, i^T'+r ) i s completely reducible and multiplicity free as a cosp(m — 2n|2n)-module if m — 2n $ 
{2, 3} and Theorem l7.1l can be applied. This states that the cohomology group H 1 (n, if ™+") is a quotient 
of kerDi = M(2e 2 ), so either zero or isomorphic to M(2e 2 ). Theorem 1 7 . 1 1 also sates that the proposed 
part of the BGG resolution exists, which immediately implies that H 1 ^, if™!^™) can not be zero since 
otherwise K™^+™ 2 = J(M(ei + e 2 )) would hold. 

Finally we focus on the case m — 2n = 3. The difference is that C 1 (n, if™+ ™ ) might be not completely 
reducible. If m — 2n = 3, 

M (-ei + e 2 ) © M (e 2 + e 3 ) = M(-e x + e 2 + e 3 + e 4 ) © R 

with R a module with two highest weight vectors, with weight described above. The highest weight vectors 
are eigenvectors of □ by equation (fl"U|) . If there was a vector in R belonging to generalised eigenspace 
with eigenvalue zero, this would generate a submodule of R which must contain a highest weight vector, 
which is impossible this vector would have eigenvalue zero. Therefore R has trivial intersection with the 
generalised eigenspace of □ with eigenvalue zero and Theorem 17.11 can be applied. □ 

Corollary 7.3. Consider g = osp(2n + 2|2n) and go = cosp(2n|2n), with choice of positive simple roots 
as in equation (|11[) . There is an exact complex 

-+ < n if " -V J{M{ex + e 2 )) J{Q) 

with Q a quotient o/M(e 2 ) © M(e 2 ), which implies Kl^^ 2n = kev(D ). 
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Proof. The non-complete reducibility of C l (n, K e ' n ) is located in the generalised eigenspace with 
eigenvalue zero, therefore Theorem 17. II is not applicable. Since we are mainly interested in the sequence 
on the co-induced modules we immediately work with C 1 (n, -K^™^' 2 ™). 
The result in the proof of Theorem 17.31 show that 

C\n, iC-H2 |2 ") = M ( 2e i) ® ( M ( £ 2) © M (e 2 )) © M(2ei + e 2 + e 3 ) © (M(e 2 ) M(e 2 )) © M(e 2 + e 3 ) 
©M (ei + 2e 2 + e 3 ) © M (ei + e 2 + £3 + £4) © M(ei + e 2 ), 

where M(e 2 ) M(e 2 ) is an indecomposable module, see [Co 13b) having two submodules: 

M(e 2 ) 0M(e 2 ) D L D M(0). 

Here, L is an indecomposable highest weight module, such that M(e 2 )0M(e 2 )/L = M(0) and L/M(0) = 
M(2e 2 ). The fact that im<9* n kerDo = can still be proven as follows. If im<9* n kerDo ^ there must 
be a vector in M{— E\ + e 2 ) which is the image of a vector in C 1 (ft, K^^ 2n ) = M(e 2 ) M(e 2 ) under 
a go~ rnor P rusm j which is impossible 

The result then follows from the reasoning leading to Theorem 15.41 and the combination of Corollary 
Owith kerd* n C^n, V) = M(e 2 ) M(e 2 ). □ 

The results in Theorem l7.3l and Corollarv l7.3l perfectlv agree with the conjectured osp(m|2n)-representation 
structure of the space of conformal Killing vector fields in Section 7 of |CoSS12| . 

A Appendix: The Hopf superalgebra U(q) and the twisted de 
Rham operator 

In this appendix we show how the operator d : J(C (n, V)) — > J(C k+1 (n, V)) from Theorem 15.21 is 
obtained from the same operator for the case V = by a g-module isomorphism between J(C k (ji : V)) in 
Definition 15.11 and the tensor product representation J(/\ k n) ©V. In the second part of the appendix we 
prove that the operator d for the case V = can be rewritten as a standard exterior derivative. Therefore 
we can interpret the operator d : l 7(C fe (n, V)) — > J{C k+1 (n, V)) as a twisted de Rham operator. These 
results are necessary to prove the exactness of the operator d, which is equivalent with the exactness of 
the BGG complex if d and d* are disjoint, as is proved in Section [S] 

The universal enveloping algebra of a Lie superalgebra has the structure of a supercocommutative 
Hopf superalgebra, see jSw69j . The comultiplication A : U{q) —> U{q) ®U{q), antipode S : U(g) — > U(g), 
multiplication m : K(q) ®U(q) — > U(g) and co-unit e : U(q) — > C are generated by 

A(A) = A01 + 1©A S{A) = -A 
m{A®B) = AB e(A)=0 

for A, B £ g and are superalgebra morphisms, where the multiplication on 14(g) U(g) is defined as 
(u v)(y z) = (—iy y " v \uy vz. Basic properties that we will need are 

mo(S®l)oA = e and 
(A 0l)o A = (1®A)oA. 

We use the Sweedler notation A(U) = J2j u i ® U 2 for u e w (fl)- 

In order to describe the morphism structure between t 7(C fe (n, V)) and ^(A^n) V properly we need 
some extra notations. For every A € g the action of A v on C fc (n, V) is given by the tensor product 
action on V and trivial action on A fe n, so only the Z 2 -gradation of n needs to be taken into account. This 
notation extends to U v for U € U(g). Likewise, for Z € p, we define the action on C fe (n, V) as the 
tensor product action of the adjoint action on A fc n and regarding V as a sum of trivial representations. In 
particular Z v + Z J gives the ordinary representation structure of p on C k (n, V) . Note that the g-module 
structure of J(f\ k n) V corresponds to the tensor product, i.e. 

(A/3)[U) = -(-l)MWj3(AU) + (-l)MWjFp(U) for A eg, p G J(A fc n) V and U G U{g). 
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We define the g-module morphism d J : J(A k n) ® V -> J(A k+1 n) ® V to be the operator d : ,7(A fc rt) 
J"(A fc+1 n) as defined in Theorem l5.2l in case V = which is extended trivially to J(A k n) <g> V. 

Theorem A.l. The Q-module morphism \ between j7(C fe (n,V)) and J(A k n) (g> V which sends a G 
J(C k (n,W)) to 5 G J"(A fe n) ® V denned as 

«( c/ ) = E( c/ i) v ( a ^'0 

is an isomorphism. Moreover it satisfies the property d — x 1 ° d^ o x with d given in Theorem ] 5. S\ and 
dp as defined above. 

Proof. The calculation 

(Aa)(U) = (-l)l A II^A v 5(t/)-^(-l)l A ll u U v (^) V a(^)-^(-l)l A ll l/ l+l A ll^l (t/f)^ ' a{AU 3 2 ) 

3 3 

= -^-^ Vim {u(f a{AUi)=Aa{U) 

3 

shows that the linear map x is a g-module morphism. The calculation 

a{UZ) = ^(-1)1^11^1 (^) V ^(^)-^(-l)l^ll^l (^) V ^(«(C/|)) 

3 3 

= - j2(-ir m z j (my(a(ui)) =- { -ir\\ Z \ z s (3(t0) 

3 

for Z G p shows that the image of x is inside ^(A^n) €5 V. 

The inverse of X is defined as x" 1 (£)([/") = J2j S(U() V ' P{U 3 2 ) for /3 e J(A k n) <g> V and J7 G Wftj). The 
proof that this is the inverse follows immediately from the relation 

(m ® 1) o (S (g) A) o A = (m ® 1) a ((5 ® 1) o A ® 1) o A = (e <g> 1) o A = 1. 

Also the fact that d — x 1 ° dr o x holds follows from a direct calculation and the relation 

df = d J f + a a A(e a ff 

for f E C k (n, V) and 9 J the standard derivative on C fc (n,0) = A fc n trivially extended to C fe (n, V), which 
follows from the proof of Lemma 14.41 □ 

The vector spaces J"(A fc rt) = Hom W ( p ) (U(q), A k n) are naturally isomorphic to Hom(W(n), A^n) by 
the Poincare-Birkhoff-Witt theorem. The operator d from Theorem 15.21 for V = remains identically 
defined under this identification. The space Hom(W(n), C) becomes an algebra with multiplication defined 
by (af3)(U) = J2j a (U() 0(1/2) with a.,/3 GHom(W(n),C) and U G W(n), where now we consider the 
Hopf superalgebra U(n). This multiplication extends trivially to the case where a GHom(W(n),C) and 
(3 eHom(W(n), A fe n). Then the operator d can be rewritten as in the following theorem. 

Theorem A. 2. Consider dk : Hom(W(n), A^n) — > Hom(W(n), A fe+1 n) induced from the operator d in 
Theorem \5.2\ with V = 0. There are elements 9 a G Hom(W(n),n) such that a (\) — £ a for {£ a } a basis of 
n and 

dk ° {d a A) = (0 a A) o d fc _i and do = ^ 8a.d Xa 

a 

hold with d Xa supercommuting endomorphisms on Hom(W(n), C) satisfying the Leibniz rule. 
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It is clear that for each case where the radical n is abelian, for example g = gt(m\n) with gg- = 
g[(m) © Ql{n) contained in the parabolic subalgebra p, this property is immediate. 

Proof. As a vector space the isomorphism Hom(W(n),C) = S(n) holds, with S(n) — ®j^ ^H n ) the 
supersymmetric tensor powers of n. It then follows that all endomorphisms on Hom(W(n),C) satisfying 
the Leibniz rule can be written in terms of a commuting basis {d Xb }, in an expansion with Hom(£Y(n), de- 
valued coefficients. Therefore the operations d^t defined as 

(d d a)(u) = (-ir^ami) 

can be expanded as d^t = J2bf ab ^ x b f° r fab G Hom(W(n), C). Then the elements 9b of Hom(£Y(n),n) 
are defined by 9b = ^2 a £, a fab- By the fact that d\ o do — 0, see proof of Theorem 15.31 it follows that 
di(9 a ) = since 9 a — do(x a ) with x a €Hom(W(n),C) canonically defined by the operators {d Xb }. Then 
it follows easily that dk(9 a A a) = d\{0 a ) A a — 8 a A dk-i(a) for a 6Hom(W(n), A fc_1 n), which concludes 
the proof. □ 
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